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Abstract. We introduce an Uhlenbeck closure of the space of based maps 
from projective line to the Kashiwara flag scheme of an untwisted affinc Lie 
algebra. For the algebra sl„ this space of based maps is isomorphic to the 
moduli space of locally free parabolic sheaves on P 1 X P 1 trivialized at in- 
finity. The Uhlenbeck closure admits a resolution of singularities: the moduli 
space of torsion free parabolic sheaves on P 1 X P trivialized at infinity. We 
compute the Intersection Cohomology sheaf of the Uhlenbeck space using this 
resolution of singularities. The moduli spaces of parabolic sheaves of various 
degrees are connected by certain Hecke correspondences. We prove that these 
correspondences define an action of sl n in the cohomology of the above moduli 
spaces. 



1. Introduction 

1.1. For a symmetrizable Cartan matrix A, and the corresponding Kac-Moody 
algebra q(A), M. Kashiwara has introduced a remarkable flag scheme B(A) Q. 
It shares many properties of the usual flag varieties of semisimple Lie algebras. 
For one thing, if C is a smooth projective curve of genus 0, and c € C a marked 

o 

point, the space ~\l a (A) of based maps from (C, c) to (B(A), Bq) of degree a turns 
out surprisingly to be a smooth finite-dimensional quasiaffine variety, though B(A) 
itself is of infinite type in general. 

In case g(A) is semisimple, V. Drinfeld has introduced a remarkable affine closure 

o 

M Q (yl) D Ts/L a (A) (the space of based quasimaps, alias Zastava space) which has 
found applications in the study of quantum groups at roots of unity and geometric 
Eisenstein series. In fact, Drinfeld's definition works for arbitrary symmetrizable 
A, but M Q (^4) turns out to be of infinite type in general. 

However, if q(A) is an untwisted affine Lie algebra, it appears that M Q (A) pos- 
sesses a partial resolution 9Jl a (A) — ► M a (A) with rather favorable properties (for 
one thing, Wl a (A) is of finite type). The construction of 9Jl a (A) we propose at the 
moment is quite cumbersome, in a sense it occupies the bulk of this paper. As a 
shortcut we conjecture that SOT" (A) is normal; it would imply that it is just the 
normalization of M Q (A) . 

1.2. In case A — A„_i we have g(A) = sl„, and VJl a :— 2H a (A n _ 1 ) admits a 
semismall resolution of singularities m a : M a — > The quasiprojective variety 
Ai a is not new; it is just the moduli space of torsion free parabolic sheaves of degree 
a on the surface CxP 1 trivialized at infinity. For a torsion free parabolic sheaf 
T, G M a one can define its saturation Af(!F), which is a locally free parabolic sheaf 
containing J-,, and defect def(.F.) which is roughly speaking a colored zero-cycle 
on C x P 1 measuring the quotient J\f(f),/ T % . The proper map w a : M a — > DJl a 
glues together various parabolic sheaves with the same saturation and defect. 

l 
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Thus, the closure 9Jt Q D M Q may be obtained in two steps. First we view M Q as 
the moduli space of locally free parabolic sheaves of degree a on the surface C x P 1 
trivialized at infinity, and put it inside the moduli space of torsion free parabolic 
sheaves Ai a . Second, we glue together certain torsion free parabolic sheaves. This 
idea is not new: for the moduli spaces of vector bundles on surfaces it gives rise to 
Uhlenbeck compactifications. This is why we call 9Jl a an Uhlenbeck flag space for A 2 
(though we work with the surface C x P 1 , the trivialization at infinity essentially 
leaves us with A 2 c C x P 1 ). 

Unfortunately, the "Uhlenbeck compactification" of a moduli space of vector 
bundles on a surface has been given a rigorous algebraic geometric meaning only 
in few instances, notably for the vector bundles on C x P 1 trivialized at infinity (or 
equivalently, vector bundles on P 2 trivialized at infinity) in the remarkable works 
of H. Nakajima on Quiver varieties. 

So roughly speaking we cook up our Wl a from Drinfeld's Zastava space M tt 
and Nakajima's Uhlenbeck space for A 2 . Though the exposition in the main body 
of the paper concerns the case q(A) = sl n , we spell it out in such a way that 
the construction carries out without changes for an arbitrary untwisted affine Lie 



algebra q(A), cf. 6.8 



1.3. The particularity of the case g(A) = sln lies in the existence of a semismall 
resolution of singularities w a : M. a — > 9Jl Q . This is similar to the existence of a 
small resolution, due to G. Laumon, of the Zastava space M"(s[ n ). We apply the 
resolution m a to compute the Intersection Cohomology sheaf 2C(9Jl a ), similarly 
to [^4|, where Laumon's resolution was used to compute IC(M Q (sl„)). The neces- 
sary information about the fibers of w a was already obtained in fl9|| , so in a 
sense, all the hard work was already done a long time ago. The generating function 
of the IC-stalks is governed by the product of Kostant partition function for sl n , 
and another partition function, arising from the invariants of a principal nilpotent 
element of sl n in the nilpotent radical of the maximal parabolic subalgebra of sln. 
For an arbitrary untwisted affine g(A) we propose a conjectural answer for the 



stalks oiIC(Wi a (A)) in 6.7 



1.4. We also study another moduli space M^t ^ °f parabolic torsion free 
sheaves of degree aonCxP 1 , where we relax the condition of triviality at infinity, 
and impose only a condition that a torsion free sheaf !Fq is generically trivial, 
that is trivial on some line c x P 1 . For any a, 7 there is a closed subvariety of 
middle dimension (Hecke correspondence) £^ C -Mg t x . It is formed by 

pairs of parabolic sheaves such that the second one is a subsheaf of the first one. 
The top-dimensional irreducible components of €^ are naturally numbered by the 
isomorphism classes n G ^(7) of 7-dimensional nilpotent representations of the 
cyclic quiver A n _i, independently of a. For n £ ^(7) the corresponding irreducible 
component viewed as a correspondence between M^ t and M^ 1 , defines two 
operators: 

e K : H'(M a gt )^H'(M a s ^) : f K 

Let H denote the generic Hall algebra of nilpotent representations of the cyclic 
quiver A n _i at q = 1. It turns out that the linear span of operators e K is 
closed under composition; the algebra they form is naturally isomorphic to H, 
and the isomorphism takes e K to the element of H corresponding to the isomor- 
phism class k. Moreover, for the isomorphism classes of simple representations 
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K = {{*}}' * G Z/nZ, the corresponding operators define the action of the 

Chevalley generators of g(A„_i) = sl n on @ Q H'(M^ t ). This sl„-action has cen- 
tral charge 2. This is a partial realization of the programme outlined in || 1.3. 

1.5. Let us say a few words about the structure of the paper. In §2 we recall the 
well known facts about the Kashiwara flag scheme for sl n , and various realizations 
thereof. In §3 we introduce the moduli space of torsion free parabolic sheaves Ai a , 
and construct a family of regular functions on it, which will be used in the definition 
of the resolution w a : M. a — ► 9JI". In §4 we recall the Drinfeld's spaces of based 

o 

maps and quasimaps M Q C M Q , and define the Uhlenbeck flag space 9Jl a as a 

o 

closure of M a in some quasiaffine embedding (like Schubert varieties are closures 
of Schubert cells in the usual flag varieties). In §5 we construct the resolution w a , 
and in §6 we compute 2~C(9Jt Q ). Note that while the generating function of the 
stalks of w a ^TC(M a ) involves the Kostant partition function of gl n , the generating 
function of the XC-stalks of Tl a involves the Kostant partition function of st n : the 
semzsmallness of w a kills the extra imaginary roots. In §7 we study the Hecke 
correspondences; among other things, they are used in the proof of connectedness 
of M a . 

1.6. Our main motivation was to understand the algebraic geometric meaning of 
Uhlenbeck compactifications. We did not really succeed (for one thing, we are 
bound to the surface A 2 with fixed coordinates); the present work may be viewed 
just as an indication what to look for. We benefited strongly from the explanations 
by V. Baranovsky, V. Drinfeld and V. Ginzburg about Uhlenbeck compactifica- 
tions. Moreover, this work owes its very existence to the ideas and suggestions of 
V. Drinfeld. We are also grateful to O.Schiffmann for bringing the reference || to 
our attention. In the course of our study of Uhlenbeck spaces, M.F. has enjoyed 
the hospitality and support of the IHES, the Universite Cergy-Pontoise, the He- 
brew University of Jerusalem, and the University of Chicago. His research was 
conducted for the Clay Mathematical Institute. D.G. is a Prize Fellow of the Clay 
Mathematical Institute. A.K. was partially supported by RFFI grants 99-01-01144 
and 99-01-01204. 

2. Kashiwara flag scheme for sl n 
2.1. Recall that the affine Lie algebra sin is the canonical central extension 

C ->■ Sin -> Sin O Cdt- 1 )) -> 

Let us fix an n-dimensional vector space V with a basis v±, . . . ,v n , and identify 
sl n with sl(V). For 1 < i ^ j < n we denote by G s[ n the operator taking 
Vj to Vi, and annihilating other base vectors. Then the Chevalley generators of 
sl n are as follows: e = t E n i, f — tE\ n , h — [e n ,/o]; for 1 < i < n — lwe 
set a — Ea+i, fi — Ei+ij, hi — [e%,fi]- Thus the simple positive coroots are 
naturally numbered by < i < n — 1. We will identify this set with / := Z/nZ. 
We will denote by Y the coroot lattice Z[i], and by X the dual weight lattice. We 
denote the perfect pairing X x Y — > Z by (, ), and the basis of X dual to / consists 
of fundamental weights U)i, i £ I. Thus {uij, i) = Sij. A simple root dual to a simple 
coroot i e I will be denoted by i' £ X. 
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For a dominant weight X + 3 A = J^ih^i, h G N, we denote by V\ the corre- 
sponding highest weight integrable sI n -module (its highest vector is annihilated by 
ej, i £ I). We denote by V£ the dual (pro- finite dimensional) vector space. 

2.2. Fundamental representations. The general reference for this subsection 
is p| . Recall the semi-infinite wedge construction of the fundamental representa- 
tions Van- Let V denote the Tate vector space V ® C((t -1 )). Then the Tate vector 
space W := V © V* has a natural symmetric bilinear form which gives rise to the 
Clifford algebra Cliff (W). We choose a compact lattice L v — V ® C[[f -1 ]] C V, 
and consider a compact lattice Lw = Lv ® Ly C W. Then Lw is an isotropic 
subspace of W, and its exterior algebra embeds naturally into the Clifford algebra: 
A'{L W ) c Cliff(W). 

We define the Clifford module Q as Ind^'^^j. In fact, its isomorphism class is 
independent of the choice of compact lattice Ly C V. 

Consider an arbitrary compact lattice L\ C V and another compact lattice 
L 2 C L x C V*. We set L ii2 := L\ © L 2 C W. Then the invariants Q Ll - 2 form a 
finite dimensional vector subspace canonically isomorphic to A*(L^/L!)®det(L^"). 
Here A*(?) is a vector space dual to the exterior algebra A*(?), and det(L^-) is the 
relative determinant of the lattice L^ C V with respect to Ly. Clearly, Q is a 
union of Q Ll - 2 as Li,L 2 shrink. 

The algebra g[ n D sin acts naturally on Q. It is well known that for any i 6 / 
there is a canonical embedding : V UJi — > Q. In fact, Q is the direct sum of 
fundamental representations of gl n . 

2.3. Pliicker equations. Kashiwara (l2) defines the flag scheme B for sl n as the 
(infinite type) subscheme of I1a(ex+ ^ (Y\) cu ^ ou ^ Pliicker equations: 

A collection of lines (£\ C V£)\ eX + satisfies Pliicker equations if 

(a) For any nonzero s[„-morphism tp : V£®V* — > V£ + we have <p(£\ ® = 

(b) For any s[„-morphism tp : V£®V* — > V* such that v < A + fi we have 

<p(e\ © = o. 

The inverse image of the line bundle 0(1) on P(VjT) i s ^he line bundle on B 
denoted by C\. We have T(B, C\) = Pa- 

Note that the Pliicker equation (a) above implies that B embeds as a closed 
subscheme into J\ ieI W{V*.). 

2.4. Discrete lattices. The above definition works in the generality of an ar- 
bitrary symmetrizable Kac-Moody algebra. In the particular case of s\ n there is 
another well known definition of B in terms of periodic flags in the Tate vector space 
V. Namely, B is a scheme (of infinite type) parametrizing collections of discrete 
lattices [Fk C V)kez such that 

(a) The kernel and cokernel of the natural map Fo © V © C[[t -1 ]] — > V have the 
same dimension. 

(b) F k C F k+1 , and dim(F k+1 /F k ) = 1 for any k; 

(c) F k+n = t~ 1 F k for any k; 

Let us construct an isomorphism from the second definition of B to the first one. 
To this end let us temporarily denote B in the first (resp. second) definition by 
B\ (resp. B 2 )- Given a flag (Fk) and < i < n — 1, we consider a discrete lattice 
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F\v,i = F%® Fi C W. It is well known that the coinvariants of the Clifford module 
Q,F wi are one-dimensional. Composing with the canonical embedding Sj : V Ui — » Q 
(see p^ ) we obtain a projection pi : V UJi — > Q_F w-i - 

Thus we have constructed a line bundle Li over £?2 (with a fiber over (Fk)kez 
equal to Q_F w-i ) together with a surjection : ® Ob 2 -» Ci- It defines a 
map £>2 — * W(V*. ), and taking the product over i £ I we obtain an embedding 
B2 riie/^(^i) wmc ^ identifies it with the image of Pliicker embedding of Si. 
This way Ci on £>2 gets identified with C u!i on B\. 

2.5. Parabolic vector bundles. The second definition of the flag scheme B trans- 
lates immediately into the language of vector bundles on P 1 . Namely, let X be a 
smooth projective curve of genus 0. We choose two distinct points y, x G X and a 
global rational coordinate t : X — > P 1 such that t(y) = 0, t(x) = 00. 

Then 62 is isomorphic to the moduli space B3 of parabolic vector bundles on X 
with a trivialization in the formal neighbourhood of x E X. More precisely, we 
consider the moduli space of the collections (ffkj'Okez where 

(a) is a vector bundle on X of degree k and rank n; 

(b) 3fc C 3fc+i, and $k+i/$k is supported at y E X for any k; 

(c) 3fc+„ = 3fc(y) for any fc; 

(d) t is a trivialization of 5o restricted to the formal neighbourhood Xj of x € X 
(and hence r is a trivialization of any $k in Xj). 

Let us recall the isomorphism from B3 to ,62- Given (#fc, r)fe 6 z we define the 
flag of discrete lattices (fiOfcez as follows. Our coordinate i : X — > P 1 identifies 
with C[[t -1 ]]. Hence r identifies fo^a with 1/ ® C[[t -1 ]]. Now the space of 
global sections F(X — x, embeds as a discrete lattice Fk into r(Xj — x, $k) — 
V CEP C((t ~ 1 )). One checks easily that the conditions (a-c) above imply the condi- 



tions |2.4| (a-c). 

Under this isomorphism, the fiber of the line bundle Ci at a point (Fk)kez gets 
identified with the determinant of cohomology deti?r(X, 

2.6. Schubert divisors. Recall that V is a vector space with a basis v\,. .. ,v n . 
We define a complete flag of vector subspaces = Vo C V\ C . . . C V n -i cV n = V 
where Vi = (ui,... , t>i). We define a transversal flag V = V° D V^ 1 D . . . D 
yi-n D y-n _ q w h ere y-j _ ( Unj .., , We denote by B the flag variety 
of So we have two distinguished points V',V, E B. Let b C sl n be a Borel 
subalgebra formed by all the operators preserving our flag V. . Let B c SL n be the 
corresponding Borel subgroup. Let n C b be the nilpotent radical. 

We define a subalgebra b c sl„ as a full preimage in the central extension of 
a subalgebra b © s[„ <g> f _1 C[[t -1 ]] c sl„ ® C((< -1 )). Let B be the corresponding 
proalgebraic group. According to 0, B acts on B with a unique open orbit U C B. 
The complement B — hi is a union of n + I irreducible Cartier divisors naturally 
numbered by I : B -U = \J ieI A,. We have d = C Ui = O(Aj), see f|. 

Finally, recall that Ao is cut out by the condition that J-q is a nontrivial vector 
bundle on X. 

2.7. Base point. We choose a base point Bq E U C B as follows. In the setup 



of [2^ we set B Q — (£x)\ex+ where i\ is the unique line in killed by all i E I. 



Equivalently, in the setup of we have Bq = (Fk)kez where for — n < k < we 



have Fk = V ®t<C[t]®V k . Equivalently, in the setup of 2.5 we have B = (#&, r)fc e 



where #q = V ® Ox, T is the tautological trivialization, and for — n < k < the 
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local sections of $k are those sections of Jo = V ® Ox which take value in V k at 

yex. 

2.8. Beilinson-Drinfeld-Kottwitz flags. We recall the construction jl(| of an 
ind-scheme of ind-finite type "approximating" the infinite type scheme B. For a 
positive integer a let X*- a ' denote the a-th symmetric power of X. For a test scheme 
S, and an S'-point y of X( a ) , we may view the graph T y of y as a subscheme of 
SxX (finite over S). 

Following jjo|, we define the ind-scheme *B a representing the functor associating 
to a test scheme S the set of quadruples (y, V, <r, V*) where 
y is an S'-point of (X — x)( Q ); 
V is an SL n -bundle on S x X; 
S is a trivialization V|s xX -r y -» V ® £>sxx-r y ; 
V* is a reduction of V|sxy to B C SL n . 

Q3 a is equipped with an evident projection p a : Q3 a — > (X — x)( a \ and with 
a section s a : (X — x)' a ' — > <8 a defined as follows. For s a (y) G 25 a we have: 
V = V <8 x x is a trivial SL n -bundle; ? — Id is the tautological trivialization; V* 
is given by a constant flag V* ® Csxy in Vj xy = y ® Og X y 

We have an evident morphism m a : 2J a — > restricting a rational trivialization 
? to the formal neighbourhood X* of x in X. Note that m a contracts the section 
s Q ((X - x)( a ') to the base point B G B. 

2.9. Kashiwara Grassmannian. Kashiwara scheme B has an important para- 
bolic version Q which we presently recall. In the setup of |2.3| , for i — 0, the line 
bundle £ Wo on B defines a morphism from B to F(V* ), and Q is the image of this 
morphism. We have a fiber bundle B — > Q with the typical fiber B. Thus, the line 
bundle C UQ on B descends to the ample determinant line bundle Cq on Q. 



Equivalcntly, in the setup of 2.4, Q is the moduli scheme of discrete lattices 
F C V satisfying the condition (a) of loc. cit., such that F C t~ 1 F. 

Equivalently, in the setup of [2.5| , Q is the moduli scheme of pairs (J, r) where 5" 
is an SXn-bundle on X, and t is a trivialization of J in the formal neighbourhood 
of x G X. 

We have a divisor Ao C Q cut out by the condition that Tq is a nontrivial vector 
bundle on X, and Cq = O(Aq). Also, we have a base point Go G Q which is the 



image of Bq G B. Finally, in the setup of 2.8, for a G N we have the ind-scheme © a 



(Beilinson-Drinfeld Grassmannian) representing the functor associating to a test 
scheme S the set of triples (y, V, <;) as in loc. cit. We have an evident morphism 
m a : © a -> g. 



3. Parabolic sheaves on A 2 

3.1. Let C be a smooth projective curve of genus 0. We choose two distinct points 
b, c G C and a global rational coordinate z : C — > P 1 such that z(b) = 0, z(c) = oo. 

We consider a smooth projective surface S' := C x X with a normal crossing 
divisor D' := CxxlJcxX. Note that S'—D' is the affine plane A 2 with coordinates 
z, t. 

Blowing up the point c x x G S' we obtain a surface S with a projection p : 
S — > <S'. It is well known that one can blow down the proper transform of D' in 
S to obtain q : S — > S" . The surfaces S',S" have a common open subscheme 
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S' D A 2 C S", and the complement S" — A 2 is a smooth divisor D" C S" . In fact, 
S" is isomorphic to P 2 , and D" is a projective line. 

Finally, we introduce a divisor Do :=CxycS'. Note that Do (~l A 2 is cut out 
by the equation t = 0. 

o 

3.2. Torsion free sheaves. For a positive integer a let A a D A a denote the fine 
moduli space of torsion free (resp. locally free) coherent sheaves T on S' of rank n, 
and second Chern class a, equipped with a trivialization at D' : jF\d> = V ® Or>>- 
Its existence is proved in JO], and its smoothness is well known. For the reader's 
convenience let us recall the argument. 

Lemma 3.1. A a is smooth. 

Proof: Let T £ A a be a torsion free sheaf. The obstruction to smoothness of 
A a at T lies in Ext 2 (.F, T{— D')) which by Serre duality is a vector space dual to 
Hom(JF, JF(D') ® n|,) ~ Hom(J, JF(-D')). We claim that the latter vector space 
is zero, which at the same time proves that T has no infinitesimal automorphisms. 
In effect, since .Flcxx is a trivial vector bundle on C = P 1 , for a general x £ 
X the restriction J- x := JFlcxa; is also a trivial vector bundle on C. But then 
Hom(jr 3 ., T x {— c)) = for a general a; £ X, and hence already Hom(J r , T{— c x 
X)) = 0. □ 

We will use an equivalent definition of A a going back to [Q. Namely, let A1 
denote a fine moduli space of torsion free coherent sheaves £ on S" of rank n, and 
second Chern class a, equipped with a trivialization at D" : £\r>" = V <E> Od"- Its 
existence is proved in jll| . 

Following @], we construct an isomorphism £ a from A a to A® sending T to 



£ := q*p*T (notations of 3.1); the inverse isomorphism from A\ to A a sends £ to 
T := p*q*£. 

Given a torsion free sheaf T £ A a and a point s £ A 2 C S' we define a saturation 
at s : Af s (J-) := j s *js-^ r 3 J 7 where j s : 5' — s <—* S' is an open embedding. It is 
well known that JVg^) is a torsion free sheaf locally free at s. We define a defect 
at s : def s (^-") as the length of the torsion sheaf J\f s (T)/ T. Finally, Af(!F) denotes 
the total saturation of T , that is, := js.Js-T 7 where S G A 2 C S' is a finite 

subset such that JF is locally free off S, and js : S' — S > 5' is an open embedding. 
The sum £ seS def^J 7 ) • s £ Sym d (A 2 ) is the total defect dcf (^). 

3.3. Quiver description. Nakajima (jl^], Theorem 2.1) gives another equivalent 
definition of A(n, a) = A\ as a certain quiver variety. Recall that A(n, a) is a 
moduli space of certain linear algebra data (B\, B2, i, j), see loc. cit. Here B\, B2 £ 
End(T¥) where W — C a , 1 £ Hom(y, W), J £ Hom(W,y) satisfy a condition 
[-Bi,£?2] + tj = 0. Nakajima defines T as the middle cohomology of a certain 
monad on S" constructed from these linear algebra data. 

Recall that z is our coordinate on C which identifies C — c with A 1 . Also, t is 
our coordinate on X which identifies X — x with A 1 . The restriction of this monad 
to A 2 G S" looks as follows: 

-> W <8> A 2 -2-> (W © W © V) ® A 2 ® C A 2 -> (3.2) 



where a sends to £ VF ® Oa 2 to ((Si — z)w, (B 2 — t)w,jw), and b sends a triple 
(101,102, w) to the sum — (B2 — t)wi + {B\ — z)u>2 + iv. 
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3.4. Parabolic sheaves. Let a = ^ N[i] C Y be a positive coroot 
combination. A parabolic sheaf T» of degree a on A 2 is an infinite flag of torsion 
free coherent sheaves of rank n on S' : . . . C T—\ C Jo C Ji C . . . such that: 

(a) Fk+n = Jfc(D ) for any k; 

(b) ch\{J-k) — k\Do] for any fc: the first Chern classes are proportional to the 
fundamental class of D ; 

(c) c/i2(Jfc) = a>i for i = k (mod n); 

(d) Jo is locally free at D' and trivialized at D' : Jo|d' = V ® Od'5 

(e) For — n < fc < the sheaf Jfc is locally free at D', and the quotient sheaves 
Jfe/J_ n , Jo/Jfc (both supported at D = C x y C S') are both locally free 
at the point c x y; moreover, the local sections of J/c| c xx are those sections of 
Jolcxx = V <g> Ox which take value in V k at y 6 X. 

We say that a parabolic sheaf J. is locally free if J^ is locally free for any k. 
Note that this condition implies that for any k < I < k + n the quotient sheaf TijTk 
is a locally free sheaf on Do, since Do is smooth. Indeed, TijTu is a subsheaf in 
the sheaf Jfe + „/Jfc = Jfc(D )/Jfc = Jfc(D )|D which is locally free. 

3.5. According to jy], f2l| , there exists a fine moduli scheme of parabolic 

o 

sheaves of degree a on A 2 , and its open subscheme M. a which is a fine moduli 
space of locally free parabolic sheaves. We have a natural forgetting morphism 
ir a : M a ^A a °, (Jfc)fcez ^Jo- 
Lemma 3.3. A^ Q is smooth. 

Proof: Let Coh denote the moduli stack of coherent sheaves on C of generic rank 
n, equipped with a trivialization at c G C. Let FCoh denote the moduli stack of 
flags = #0 C di C . . . C 3"„ °f coherent sheaves on C with the successive quotients 
being of generic rank 1, equipped with a trivialization at c G C compatible with 
the flag. Both Coh and FCoh are smooth, see p"5j . 

We have morphisms r : A a — > Coh, T i— » J|d = J/J( — Do), and r : .A/f" — > 
FCoh, J. i — ► := Jfe_ n /Jo( — Do)) 0<fe<n . Evidently, A4 a is the cartesian product 
of A a ° and FCoh over Coh. 

So it remains only to check that r : A a — > Coh is smooth. Both stacks in 
question being smooth it suffices to show the surjectivity of the corresponding 
tangent map. The obstruction to r being a submersion at a point T G A a lies 
in Ext 2 (J, T{— D' — Do)). As in the proof of Lemma 3.1, it is enough to check 



Hom(J, T{— c x X)) = 0. But exactly this was done in the above cited proof. □ 



Remark 3.4. We will see in Proposition 7.1, Corollary 7.2 that M. a is connected of 
dimension dimA't" = 2\a\ := 2J2i a i- 

3.6. For a future use we construct a family of regular functions onM" factoring 
through the projection 7r Q : Ai a — > A a " . 

Let denote the algebraic variety formed by pairs of lines (Pi, P2) in the pro- 
jective plane S" such that all the three lines Pi, P2, D" are distinct. Note that is 
an affine algebraic variety. We have a fiber bundle Pi (resp. P2) over whose fiber 
over (Pi, P2) is Pi (resp. P2). We have a fiber bundle p : 0^0 whose fiber over 
(Pi, P2) is P2 := P2 — P2 (~1 D" (isomorphic to A 1 ). We denote the a-th symmetric 
power of relative over by 0^ a \ 

The relative surface Sq := S" x over has two sections pi := Pi n D", P2 := 
P2 fl D", and a relative line Dq. Blowing up pi,P2 and blowing down the proper 



UHLENBECK SPACES FOR A AND AFFINE LIE ALGEBRA sl„ 9 

transform of Dq we obtain the relative surface S' Q . Its exceptional divisor D is a 
union of two P 1 -bundles over 0; in fact, S' ~ Pi xqP 2 , and Dq = Pi xqp 2 Upi x O 
P 2 - 

Given a torsion free sheaf T £ A a on S" trivialized at D" we lift it to Sq, and 



then apply the relative version of Atiyah's trick 3.2 to get a torsion free sheaf T' on 
S' trivialized at D Q . The sheaf T' is flat over Pi, and for a point / = (Pi, Pa, c £ 
P2) £ P2 its restriction to the fiber Pi ~ Pi of S' over / is a coherent sheaf on 
a projective line. If c = P2 fl D" then the restriction of T' to Pi is trivialized by 
construction: = V '<8>Oj»i . Since the condition of triviality is an open condition 

in the moduli stack of coherent sheaves on Pi, we get a finite subset D C P 2 such 
that for c g" D the restriction T'lpi is trivial. 

In fact, D is not just a finite subset of P 2 ° but it carries a structure of an effective 
Cartier divisor in P 2 °. Indeed, the restriction of T' to the fiber Pi x P 2 of S' over 
(Pi,P 2 ) £ defines a morphism from P 2 to the moduli stack of coherent sheaves 
on Pi. This stack has a canonical Cartier divisor A of nontrivial coherent sheaves. 
We define D as the inverse image of A . It is easy to see that degD = a, and as 
(Pi, P 2 ) vary in 0, these effective divisors form a section D(JF) of 0^ a ^. 

Let 'V a denote the ind-scheme of sections of 0^ a ^ over 0. In fact, it is just 
an infinite-dimensional vector space. The above construction defines a morphism 
a : A a -> 'V a . 



3.7. Using Nakajima's construction of A a as a quiver variety, it is possible to write 
down an explicit formula for the map 9 a above. Recall that z is our coordinate on 
C which identifies C — c with A 1 . Also, t is our coordinate on X which identifies 
X — x with A 1 . Thus, A 2 = S" — D" is equipped with coordinates (i, z). The variety 
is the variety of pairs of nonparallel lines in A 2 . If (P°, P 2 ) = ({t — 0}, {z = 0}), 
and T £ A a is represented by a quadruple (Pi,P 2 ,j,j), then the value of the 
section B a {T) at the point (Pi, Pa) lies in (X - x)( a ) = A( a ). We will prove that 
ev(p 1 p 2 )(6* a (P)) = Spec(P 2 ) (that is the effective divisor in A 1 cut out by the 
equation det(P 2 — £Id)) , and the morphism 8 a is equivariant under the natural 
action of the group of affine linear transformations of A 2 . 

More precisely, given (Pi,P 2 ) £ we choose an affine linear transformation g of 
A 2 such that g({t = 0}) = Pf, g({z = 0}) = P 2 °. It also identifies P 2 ° with X x 
with coordinate t. Let us write g as a linear transformation (with matrix entries 
5115512,521,522) followed by a translation by (51,52) £ A 2 . The natural action of 
affine linear transformations of A 2 on A a in terms of Nakajima's quadruples looks 
like 

g(B 1 ,B 2 ,t,j) = (511P1 + 512P2 +5iId,52iPi + 522P2 + 52M, (511522 - 512521K j) 

For an operator B £ End(M / ) we define Spec g (P) £ (P^)^ as follows. First we 
consider an effective divisor on A 2 cut out by an equation det(P — (521 z + 522* — 
<?2)Id). Then we intersect it with P 2 . 

Now given T £ A a we compute 9 a (J-, Pi,P 2 ) £ (P^)^ in terms of Nakajima's 
quiver data (Pi,P 2 ,z,j) for T. 

The following lemma is borrowed from H . 



Lemma 3.5. 6» a (Pi, P 2 , 1, j, Pi, P 2 ) = Spec g (g 2 iBi + g 2 2B 2 ). 
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Proof: Recall that T\ A 2 is the middle cohomology of the monad (^). We define 
the map 

K g : Ker(b) -f V ® det - 1 {g 2 iB 1 + S22P2 - (g 21 z + g 22 t - g 2 )Id) A 2 
as follows. It sends (w 1 ,W2,ji) £ Ker(b) to 

v - ] (521(81 - 2) + 522(82 - i) +52) _1 (.921W1 + 322^2) 
Since if g (Im(a)) = 0we get a well defined map 

L g : T\ k 2 ->■ V ® det _1 (521-81 + #22 £ 2 - (.921-z + #22^ - ff2)W) Oa^ 
It is easy to see that L s is injective, and its image contains 

V <S> det (g 2 i-Bi + 322S2 - [g 2 iz + g 22 t ~ £ 2 )Id) £> A 2 

□ 

In particular, in the coordinates g, the degree of section a (J-) as a function of 
g is less than or equal to a. Let V a C 'P a denote the space of sections of OW of 
degree less than or equal to a. Then our map 9 a : A a — > "P a actually lands into 
the finite dimensional subspace V a . Note that the morphism 9 a from A a to the 
ind-scheme 'V a a priori lands into a (finite type) subscheme of 'V a , and V a is just 
an explicit estimate of such a subscheme. 

Composing 9 ao with the projection n a : M a — * A a ° we get the desired map 
tf a : M a -> V a °. 

When P? = {t = 0}, and P 2 ° = {z = 0}, the fiber of (a) over (P x , P 2 ) canonically 
identifies with (X — x)( a ). Composing 8 a with evaluation at [P\,P%) we get the 
map rj a : A a — > (X — x)( a ). Composing rj ao with the projection n a : M a — > *4 a ° 
we get the map rj a : M a -> (X - x)( a °). 

Let € -4 a be a torsion free sheaf, let def(jF) = s 6 Sym d (A 2 ) (notations 



of |3J). Then Af(.F) G ^ a ~ d , and we will compute 6 a {T) in terms of 6» Q _ d (7V(J c ')), s. 

To this end we define a morphism 13 d from the symmetric power Sym d (A 2 ) to 
V d . Namely, for s S Sym rf (A 2 ), and (Pl, P 2 ) S we can project A 2 onto P 2 ° along 
Pf, and the projection of s will be an effective degree d divisor in P 2 . As (Pi, P2) 
vary in we get the desired map 13 d : Sym d (A 2 ) -» V d . 

Also note that we have a natural addition OW x 0^ -» 0< fc+ '\ (Di,Z> 2 ) 
Di + D2, which gives rise to the addition map P fe x P z — > p k + l . Now we can 



formulate the following corollary of Lemma 3.5 due to Nakajima. A proof of a 
similar statement for more general quiver varieties can be found in p7[ , 3.27; see 
also 0, 2.30. 

Corollary 3.6. 6 a {T) = I3 d {s) + 6 a _ d {N{T)). 

□ 

4. QUASIMAPS INTO THE KASHIWARA FLAG SCHEME AND UHLENBECK SPACES 



4.1. Based maps and quasimaps. We return to the setup of 2.3. According 
to |l|, H 2 {B,X) is canonically isomorphic to the weight lattice X : A 1— > c\{C\). 
The dual lattice H 2 (B, Z) is canonically isomorphic to the coroot lattice Y. We say 
that a regular map <f> : C — ► i3 has degree a € F if the fundamental class of C in 
the second homology of B equals a : 0*[C] = a. Equivalently, deg(</>) = a iff for 
any A e X we have deg(</>*£A) = (A, a). Then necessarily a e Y + = N[I]. 
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We say that (j> is based if </>(c) = Bq (notations of 2.7) 



According to || , for any a e Y + there exists a fine moduli space M° of based 
maps of degree a from (C,c) to (B,Bq). Moreover, it is a smooth connected 
quasiaffine scheme of dimension 2\a\. Let us recall its quasiafhne embedding. Recall 
that we have a canonical surjection of vector bundles on B : V\® Ob -» C\ for any 
A 6 X + . Dually, we have an embedding of vector bundles: C-\ <—* V£ <g> Ob- Thus, 

o 

(f> € M° gives rise to a collection of line subbundles (<fi* C-\ <—> V£ ®Oc)\ex+ such 
that 



(a) the fiber of 4>* C-\ at c 6 C equals i\ C V£ (notations of 2.7) 



(b) This collection of line subbundles satisfies fiberwise Pliicker equations. 

Note that <p*£-\ ~ O c ((-\,a)). Hence the datum of (f>*£-\ ^ V£ ® O c ^ 
<jf C-\((X, a)) e — ► V£ ® Oc((A, a)) is equivalent to the datum of nowhere vanishing 
section s\ G r(C, V£ <8> 0c((A, a))) up to scalar multiplication. 

Recall that we have chosen a coordinate zonC-c. Thus s\ is just a polynomial 
in z of degree (A, a) with values in V£ . The condition (a) above means that the 
scalar product of s\ with a highest vector of V\ is a (scalar) polynomial of degree 
exactly (A, a), and the scalar product of s\ with any other weight vector of V\ is a 
(scalar) polynomial of degree strictly less than (A, a). Now we may scale a constant 
multiple indeterminacy in the choice of s\ by requirement that the scalar product 
of s\ with the highest vector v\ € V\ is a monic polynomial of degree (A, a). 

o 

All in all, M a is formed by collections of such V A *-valued nowhere vanishing 
polynomials s\ satisfying Pliicker equations. If we drop the nowhere vanishing 

o 

condition, we obtain an affine closure M° D M°. 

Equivalently, M Q is formed by collections of invertible subsheaves (£_a C V£ ® 
Oc)\<ex+ sucn that 

(a) £_> is a line subbundle at c e C, and its fiber equals i\ C V? (notations 



of ^3); 

(b) This collection of invertible subsheaves satisfies fiberwise Pliicker equations; 

(c) deg(£_ A ) = -(A,a). 

The points of M a will be called based quasimaps of degree a. 



4.2. Relative based quasimaps. We will need a slight generalization of the above 
construction. Let Q be a scheme, let K be a. set of indices, and for k S K let W k be 
a (pro)finite dimensional vector bundle over Q. Let P(W /fc ) be the corresponding 
projective scheme over Q. Let R c Il/cex TP(W k ) (cartesian product over Q) be a 
closed subscheme. Let s : Q — > R, q i— > (w k (q)) be a section. 

A relative based quasimap ef> from (C,c) to (i?, s) is the following collection of 
data: 

(a) a point q € Q; 

(b) an invertible subsheaf £& C W k ® Oc for any k E K 
satisfying the following conditions: 

(i) for an open subset U C C the invertible subsheaves £& C W 7 ^ <g) Ojj are ^ne 
subbundles, so they give rise to a map 4> : U — > Ilfceif ""(^g ji arl d its image is 
required to lie in R; 

iii) we have c G J7, and 0(c) = s(g). 
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The arguments of the previous subsection show the existence of the classifying 
scheme M(C, c; R,s) for the relative based quasimaps. Simultaneously we obtain 

o 

the open subscheme M(C,c; R, s) C M(C,c; R, s) classifying the relative based 
maps (i.e. when U above equals C). 

Note that if R' R is a closed subscheme, and the section s factors through 
s : Q —y R' > R, then M(C, c; R', s) is a closed subscheme of M (C, c; R, s). 

4.3. Quasimaps into Grassmannian. Recall the setup of |2.9[ We have a closed 
subscheme Q C P(V^ ) with the base point Go C Q. It is well known that 
H 2 (Q,Z) = Z is generated by chi(Co). Thus for a positive integer a we have 

o 

the classifying scheme A a D A a of based quasimaps (resp. maps) of degree a from 

(C,c) to (g,G ). 

o o 

4.4. We will construct an identification A4 a = M Q . Let T% £ A4 a be a parabolic 
sheaf of degree a on A 2 (notations of 3.4). Then To is trivialized at D', and in 
particular, at C x x C D' : ^olcxx V ® Oc- 

Lemma 4.1. The trivialization a extends canonically to a trivialization in the for- 
mal neighbourhood of C x x in 

Cxx Cxx 



Proof: We essentially repeat the arguments of 3.6. Let us denote by : S' = 
CxX^X the canonical projection from S' to X. For any point y 6 X the fiber 
g y := g x 1 (y) is identified with C. The sheaf T§ is flat over X, and the restrictions 
Tq\q are coherent sheaves on C. Thus we obtain a morphism from X to the moduli 
stack of coherent sheaves on C. By our assumption this morphism sends x £ X 
to the class of trivial vector bundle on C. Let D C X — x be the inverse image 
of the Cartier divisor of nontrivial coherent sheaves in this moduli stack. Then 
our trivialization a extends to a trivialization on C x (X — D) : J~o\cx(x.-D) — 
V'S>Ocx(x.-D)- There is a unique choice of such an extension <: such that <?| CX (x-r>) 
coincides with the given trivialization of ^"o lex (x-D) (ascx(X — D) C D'). Finally, 
we just restrict our canonical rational trivialization q to the formal neighbourhood 
of C x x in S'. □ 

o 

Given a locally free parabolic sheaf T % £ A4 a , we equip it with the canonical 
trivialization s in the formal neighbourhood of C x x in S' . Consider the canonical 
projection gc from S' = C x X to C. For a point c £ C, restricting (J-»,<;) to 
the fiber g c := (c) = X we obtain a parabolic vector bundle (3.(c), r(c)) on X 
(notations of 2.5). For q = c the corresponding parabolic vector bundle (5. (c), r(c)) 

o 

gives the point Bq £ B. Thus, starting from T» £ Ai a , we have constructed a 
based map 4> from (C, c) to (£>, Bo). It is easy to see that deg(</>) = a, so we have 

o o 

constructed a morphism ( : M. a — * M°. 

o 

Conversely, the data of a based map £ M Q , by the very definition, consists of 
a family of parabolic vector bundles over C, that is, a locally free parabolic sheaf 
T» on A 2 along with a trivialization of J-q in the formal neighbourhood , 

compatible with a given trivialization of ^"oId'- To define C -1 (</>) we just forget 
the formal trivialization. Thus we have constructed the inverse isomorphism £ -1 : 

o o 

The same argument establishes an identification A a = A a . 
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4.5. Uhlenbeck space. Recall that Nakajima defines A a as the moduli space of 



stable quadruples (B±, B 2 , 1, ]), see |3.3|. He also defines the Uhlenbeck space 91° as 
the GIT quotient of the space of quadruples with respect to the natural GL (In- 
action. There is a natural proper morphism T a : A a — * yi a which is a semismall 
resolution of singularities, see p7| . In fact, 9t a is the affinization of A a , that is the 
spectrum of the algebra of regular functions on A a . 

We propose two more definitions of the Uhlenbeck space; we conjecture that they 



are both equivalent to Nakajima's definition, see 5.4. From now on we will identify 

o o o 

A a with A a . In particular, we have an open embedding j : A a ► A°. Recall also 

o 

the morphism 9 a : A a — > V a defined in aJ\ . 

o 

We define the Uhlenbeck space 2l a as the closure of A a in A a x V a (with respect 
to the locally closed embedding (j,6 a )). 

4.6. The virtue of our second construction of the Uhlenbeck space is that it carries 
a natural action of the group of affine linear transformations of A 2 . Recall the 



setup of 3.6. For a projective line Pi with a point pi — P% H D" we consider the 
moduli space Gp 2 , P2 °f SX,j-bundles on Pi trivialized in the formal neighbourhood of 
Vi £ ^2- It carries an ample line bundle Cp 2tP2 whose fiber at (J, r) is det RT(Pi, 
(where we view J as a vector bundle of rank n on Pi). Also, we have a base 
point Gp 2}P2 £ Gp 2 , P2 , namely, Gp 2tP2 — ($,t) where # = V (8> 0p 2 , and r is the 
tautological trivialization. Thus we have a relative scheme Go over together with 
a section Go- 



Following 4.2 we define a relative based quasimap of degree a from (P\,pi) to 
(Go, Go) as the following collection of data: 

(a) a point (Pi, Pi) £ 0; 

(b) an invertible subsheaf £ C ^*(Gp 2 , P2 , £>p 2 ,p 2 ) <8> Op 1 of degree —a. 
satisfying the conditions (i),(ii) of loc. cit. 

The arguments of loc. cit. establish the existence of the classifying scheme 
M a (P\,p\;Go, Go) for the relative based quasimaps. We have an evident projection 
M a (P\,p\) Go, Gq) — > with a typical fiber isomorphic to A a . All the schemes 
in question are affine. Let M a be the ind-scheme of sections of M a (Px,px] Go, Go) 
over 0. 

o 

Given a locally free sheaf T £ A a we get a locally free sheaf T' on S' trivialized 



at Dq as in 3.6. Applying the relative version of the arguments in 4.4 to T' 
we produce from it a section of M a (Pi,pi;Go,Go) over 0. Thus we construct a 

o 

morphism j : A a — > M°. 

Finally, we define our second version of the Uhlenbeck space A a as the closure 

o 

of A a in M a x P" with respect to the locally closed embedding (j, 9 a ). 

Evaluating the sections in M a at the point (Pi, Pi) = ({t = 0},{z = 0}) we 
obtain the morphisms M° ^ A a and E a : A a — > 2l a . 

o o 

4.7. Uhlenbeck flag space. From now on we will identify M Q with M. a . In 

o 

particular, we have an open embedding j : MP 1 <—* M Q . Recall also the morphism 



•d a : Ai a — ► V a ° defined in 3.7. We are finally able to introduce our main character. 
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We definej] the Uhlenbeck flag space Wl a as the closure of M a in M Q x T a ° (with 
respect to the locally closed embedding 

Proposition 4.2. 9Jl a is an irreducible afflne scheme of finite type, of dimension 
dim(9Jt a ) = 2\a\. 



Proof: According to |6j (alternatively, see Proposition 7.1, Corollary 7.3), A4 a is 
smooth, connected of dimension 2\a\. Hence it only remains to prove that 9Jt a is of 
finite type, the problem being that M Q is not of finite type, see loc. cit. Recall the 

o 

morphism r\ a : A4 a — > (X — x)( a °) defined in |3.7| . Let us consider the closure 'Wl a 

o 

of M. a in M° x (X — x)( a °) (with respect to the locally closed embedding (j,r? a )). 

o 

Since r\ a factors through we may equivalently define Wl a as the closure of A4 a 
in 'Wl a x V a °. Thus it suffices to prove that 'OTP is of finite type. 

Let us denote ag by a till the end of the proof. Recall the Beilinson-Drinfcld- 
Kottwitz ind-scheme 33 a . We have a closed embedding (m a ,p a ) : 33 a ^Bx(X- 



x)^) (notations of 2.8). Recall the notion of relative based (quasi)maps, see |4.2[ 
We apply it to the case Q = (X - x)( a \ R = B x (X - x)( Q ) with the (relative) 
Pliicker embedding, and the evident section s. Then evidently M a (C,c; R, s) = 

M"x(X-x)W, and M Q (C,c;i?,s) = M Q x (X-x)( Q ). We will use an embedding 

(Id.rfa) : M a M a (C, c; R, s). 

Lemma 4.3. There exists a closed subscheme of finite type 33" C 33 a such that 

o 

for any based map <f> G M a the relative based map </>' := (Id, rj a )(4>) factors through 
03^. 

Proof: For a fixed 0, the proof of Lemma 4.1 shows that </>' factors through 
sga <u_> @ x (X — x)' a ', and hence through its closed subscheme of finite type. We 

o o 

have to choose such a subscheme uniformly, as <f> varies. Recall that M Q = A4 a is a 

o 

scheme of finite type, and we have a natural evaluation morphism ev : M Q xC^ 
55 Q , (<f>, c) i— > 4>'{c). By definition, such a morphism into the ind-scheme 55 Q factors 
through a finite type scheme 03" . □ 

Remark 4.4. Let us give a more concrete description of 33". Let (yi, . . . ,y a ) e 
(X - x - y)'°' - A be a collection of distinct points. Then the fiber of 33 a over 
(yi, ■ ■ ■ , y a ) equals the product of B (the flag variety of sl n ) and of a copies of the 
affine Grassmannian Gr of sl n , see 0. Let Gr 7o C Gr be the closure of SL n (0)- 
orbit numbered by the highest (co)root 70 of sl„. Let 33" C p~ 1 ((X — x — y)^- 1 — A) 
be a closed subscheme of finite type whose fiber over (y 1; . . . , y a ) G (X— x— y)' a ' — A 
equals B x J] Gr 7o c B x J] Gr. Let 23f C 33 a be the closure of 33? . 

The proof of Lemma 3.5 actually shows that if r) a (<f>) G (X — x — y)^-* then <p' 
factors through 332- 

According to [[To), the fiber of 33° over a ■ y G (X — x)( a ' equals the affine flag 
variety Fl of sl n . We define a closed subscheme of finite type Fl a C Fl as the fiber 
of 332 over a ■ y G (X - x)( Q ). 

o 

x It was V.Drinfeld who noticed that the closure of M a in M Q X (X - x)( a o 1 is a wrong 

candidate for the Uhlenbeck flag space; in particular, '9JF* is not normal in general. 

2 We just mean that the restriction of (m a ,p a ) to a finite type closed subscheme of f B a is a 
closed embedding. 
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We have an embedding (X-x-y)( a_1) - A <-+ (X-x)( Q )- A, (yi, . . . ,y a -i) >-> 
(y, Vi, ■ ■ ■ , J/o-i)- According to jio), the hber of <8 a over (y, y t , . . . , y a _i) equals 
the product of Fl and a — 1 copies of Gr. We define b := max(a,)j e /. Let C 
p~ 1 ((X x y)( a_1 ) — A) be a closed subscheme of finite type whose fiber over 
(y, yi, . . . ,y a -i) equals Fl b x nGr 7o - Let S4 C <8 a be the closure of (Bg. 

Finally, we define 23" := QS^U^"- Clearly, it is a closed subscheme of finite 
type solving our problem. 

4.8. We return to the proof of Proposition L2. In the setup of [h^ we set R' := 

93^. -4 gx(X-x)W =: R. Thus we have a closed embedding M(C, c; i?', s) «^-> 
M (C, c; i?, s). Since i?' is a scheme of finite type, M(C, c; i?', s) is a scheme of finite 

type as well. By Lemma |4.3| , M(C, c; R , s) coincides with the image of M Q under 

the embedding (Id, r) a ). Thus, the closure 'Wl a of (Id, ?7 Q )(M") in M (C, c; R, s) is a 
closed subscheme in a scheme of finite type M(C, c; i?', s). Hence '9Jt Q is a scheme 



of finite type itself. This completes the proof of Proposition 4.2. □ 



4.9. The same proof as above (using the Beilinson-Drinfcld ind-scheme a , see 2.9 



instead of 25 Q ) shows that both A a and 21 a are irreducible affine schemes of finite 
type. 

5. Resolution of singularities w a : M a — > 9Jt Q 

5.1. Determinant line bundles. We start with a construction of a morphism 
ui a : M a — > M Q . So let J 7 , be an 5-point of .A/P, that is, a parabolic sheaf 
on 5 x 5' flat over 5 along with a trivialization <r of J-q at S x D'. We have 
to construct the invertible subsheaves £_ Wi C V£. (8 Osxc satisfying the Pliicker 
equations. Equivalently, we have to construct the generically surjective maps V Ui ® 
Osxc — > £uii ='■ £j defined up to scalar multiplication. Recall that the fundamental 
representation V UJi is canonically embedded into the semi-infinite wedge power Q 
(see 2.2). Hence it suffices to construct the generically surjective maps pi : Q ® 
Csxc —* -Cj defined up to scalar multiplication. 

According to Lemma 4.1, the trivialization a restricted to S x C x x canonically 
extends to a trivialization «; of J-q (and hence T}., k £ Z) in the formal neighbour- 
hood of S x C x x in S x 5'. 

Let us denote by W C S x 5' the open subset Sx5'-SxCxx. Let us denote 
byp: S x S' — ► S 1 x C the natural projection, and by p : £Y — * S 1 x C its restriction 
to U. Let us denote by U the intersection of U with the formal neighbourhood of 
SxCxxinSx5' (the "pointed formal neighbourhood"), and by p : U — > C the 
natural projection. Then for any k G Z the trivialization ? identifies p*(.Ffc| • ) with 

V (g) Osxc (notations of 2.2), and F& := p*(J-k\u) is naturally a discrete lattice 

in p*(J-fe| • ) = V ® Osxc- Recall that Ly ® Csxc := V ® C[[i -1 ]] ® (Ds 
w 

compact lattice in V (g> Os x c- 

We define as the dual of the determinant line bundle of a natural Fredholm 
operator (L v ® £>sxc) © F* -> V ® £>s x c (notations of (§). 

5.2. We still have to construct the generically surjective mapsp^ : Q<E>O sxc — *• £«■ 
Recall that Q is a union of finite dimensional subspaces Q Ll > 2 (see 2.2). It suffices 
to construct a compatible system of maps p i 1-2 : Q Ll 2 ® Osxc — > £j- 
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For small enough compact lattices L\,Li (such that L2 C L\ C V*) we have 
Li f] Fj = 0, and + Fj = V ® Osxc for any < i < n — 1. In effect, by Cech 
calculation, this is equivalent to i?°p* Ti{— N) = and R 1 p^J 7 i(N) = for A~ 3> 0. 
We define Ff 2 := Ker(L^- © F. ( -> V ® £><? xc)- This is a coherent sheaf flat over 
S x C equipped with a canonical embedding into a vector bundle /L\ <g> Os x C- 
Note that det(Ff 2 ) = £* © det(Z^), thus det*(Ff 2 ) = £, ® det*(Z£). 

The embedding Ff 2 L^-/Li ® O s xc gives rise to an inverbible subsheaf 
dct(F^ 2 ) C A*(L^-/Li) <gi Osxc- Dually, we have a generically surjective morphism 
h*{Li/L{)®Os*c -» det*(Ff 2 ), or equivalently, A*(Z^/Li)(g!det(I^-)(g>C>,sxC -> 
det*(Ff 2 ) ® det(L^) = £;. Now recall that A*(L^-/L 1 ) ® det(i^) is canonically 
isomorphic to Q Ll 2 (see 2.2), hence we have obtained the desired morphism pf 1,2 : 



Sr 1 ' 2 <8> Osxc ->■ £»• 

5.3. Over an open subset U C S x C such that J 7 . | p -ivm is a parabolic vector 
bundle, the above construction reduces to Q®Ou -» £j := (Q^CV^^.; (notations 



of |2.4|). Hence £_ Wj |u C V^. C3 satisfy Pliicker relations, hence £_ Wi C V"J. ® 
Csxc satisfy Pliicker relations. Evidently, U D S X c, and the fibers of £- Wi at 
Sxc are as prescribed. So all in all we have constructed the desired morphism 
u> a : M. a — » M a . By the same token, we have constructed the morphism u a : 
„4 a -> A a . 



Recall the morphism d a : ,M a — > T-" 10 constructed in 3.7. 

We define the morphism w a := (w Q ,i) : M a — ► M[ Q x T" 10 . Since A4 Q is 
dense in M a , the morphism ro Q factors through M a -» M a <-> M" x 7> a °. Thus 
we obtain the same named morphism zu a : M a — > 971". 

Proposition 5.1. o7 a is a proper morphism. 

Proof: Recall that 'ffl a is the closure of M a in M Q x (X - x)( a °) (with respect 
to the locally closed embedding (j,rj a )). The morphism 'm a := (w",?^) : A4 a — > 
M"x(X- x)< a °) factors through the morphism 'tn Q : A/( Q -> 'JOT, and 'tu Q 
factors through A4 Q — ^ 5Cl Q — > 'OTP, so it suffices to check that 'iz7 a is projective. 

Let us consider the moduli scheme M Q D M Q of quasimaps from C to B removing 
the based condition in the definition of M°. Recall that gx ■ S' = C x X — > X 
is the canonical projection. For an effective divisor D 6 (X — x)( a °> we denote by 
Dd the effective divisor g^{D) in 5'. Let M" be the moduli ind-scheme of the 
following data: 

(a) a divisor D e (X - x)( a °); 

(b) a parabolic sheaf F, of degree a on S' such that V ® Os'{— 00 ■ T>d) C ^0 C 
F(g)O s ,(oo-D D ). 

Note in particular that ^-"0 (and hence all the Tk 1 k £ Z) are trivialized in a 
Zariski (and hence in the formal) neighbourhood of C x x C S' . Now the construc- 



tion of 5.1-5.2 defines a morphism Sl a : M a — > M Q . The construction of |3.6| defines 



a locally closed embedding M a — > M", and we have a cartesian diagram 

A/( Q > M° 
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We denote by rj' : M. a — > (X — x)( a °' the tautological projection. Note that rj a 

factors through M a -> M a (X - x^ a °). 

It suffices to prove that (fl a ,n') : M Q — ► M a x (X — x)( Q °) is ind-projective. 
Moreover, it is enough to prove that r( : M Q — * (X — x)( a °) is ind-projective. 
Let us view a "universal divisor" as a closed subscheme of (X — x)( a °) x S' , 
projective over (X — x)( a °'. Then M a is a closed ind-subscheme of a product of 
certain inductive limits of Quot-schemes over Dk-D+y, k —> oo, cf. j^], p. 164. These 
Quot-schemes being projective, rf is ind-projective. This completes the proof of the 
Proposition. □ 



Remark 5.2. Lemma 3.5 shows that instead of the ind-scheme M Q in the above 
argument, one could use the scheme 'M Q defined as M Q with the condition (b) 
being replaced by 

('b) V ® O s , (-De) Cf C^O s . (D D ). 



5.4. R e call the setup of 4.5, 4.6. The relative version over of the construc- 
tion 5.2-|5~3 defines the proper morphisms e a : A a — > A a , e a : A a — > 2l a such that 
e a = E a oe a . Since A a (resp. 21°) is affine, e a (resp. e a ) factors through the affiniza- 
tion T a : A a ->• 9t°, and we get the morphisms * a : W a -» A a , $ a : W a -> 2l a 
such that $ a = S a o \t a . 

We conjecture that all the maps ^nj^ 1 ,,^,, are isomorphisms. This can be 
checked at the level of C-points. In effect, it is well known that Nakajima's space 

o 

9T a has a decomposition into locally closed pieces W 1 = |J A a ~ b x Sym (A 2 ). 

b<a 

o 

On the other hand, recall that A a = |J A a ~ b x Sym b (C - c). Also, recall the 

b<a 

embedding U b : Sym b (A 2 ) ^ V b , see O. We have 2t a C A Q x V a , and the 



arguments of 5.1 below show that 21° has a decomposition into locally closed pieces 



2T = □ ( x Sym"(C - c) X Sym > (c _ c) Sym b (A 2 ) = |J >~ 6 x Sym b (A 2 ) 

b<a ^ ' b<a 

o 

Here the embedding A a ~ b x Sym (A 2 ) <—* A a x V a goes as follows: (J-;s) i— > 
(•^"i f?c(s); 6* a _b(JF) + U b (s)) where we use the natural projection gc : Sym fc (A 2 ) — > 
Sym b (C-c). 

6. XC STALKS 

6.1. Uhlenbeck stratification. We refine the decomposition of the Uhlenbeck 



space 21° into locally closed pieces described in 5.4. We define the diagonal stratifica- 
tion of Sym b (A 2 ) as follows. For a positive integer b we denote by (6) the set of par- 
titions of b (in the traditional meaning). For ^3 = (b\ > b-2 > • ■ ■ > 6,„ > 0) G 
the corresponding stratum Sym (A 2 )tp of Sym (A 2 ) is formed by configurations 
which can be subdivided into m groups of points, the r-th group containing b r 
points; all the points in one group equal to each other, the different groups being 
disjoint. We have Sym b (A 2 ) = |J Sym b (A 2 )<p. 

<pe<p(b) 



In the setup of 5.4, for b < a, ^ S ^3(6), we define a locally closed subscheme 



K-b,v = A a - b x Sym b (A 2 )<p C A a - b x Sym b (A 2 ) C A a x V a 
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<pe<p(f>) 

In order to show 2l a = \_\ ^-b <p we describe the inverse image 

b<a 

e _1 (2t^_ b tp) c A a . First we define the saturation and defect of a based quasimap 

o 

<f> = (£o C V* Q ® O c ) G A a . Namely, the saturation Af(<f>) G A d is the based 
map (£o C V* g ® 0c) where the line subbundle £o is the saturation of the 
invertible subsheaf £q. The quotient £o/£o is a torsion sheaf on C — c of length 
b supported at a finite subset S, and we define the defect def(</>) G (C — c)( 6 ' as 
X^gs length s (£ /£o) • s - Note that necessarily a — d + b. 

Rec all that the saturation and defect of a torsion free sheaf J- G A a were defined 
in H||. Recall the morphism e a = (v a , 6 a ) : A a — > 2l a C A a x P a , and the natural 
projection gc ■ Sym fc (A 2 ) — * (C — c)^ . We have the following 

Lemma 6.1. Suppose the defect def(J 7 ) of a torsion free sheaf J- G A a has degree 

o 

b < a, so that the saturation N{J~) lies in A a ~ b . Then the quasimap (j> :— v a {J r ) G 
A Q has saturation N{<j>) = v a - b {M{T)), and defect def(» = qc{<M{F)) G (C - 
c)( fe ). 

Proof: Let = (£ C V* ® O c ), and 0' := v a '\N{T)) = (£(, C V£ ® 0c). 
Since C Af(J-), by the construction of v, we see that £o C £g. Moreover, since 

o o 

■Af(F) G A a ~ b = A a ~ b , we see that £g is saturated; hence £ is the saturation of 
£o- Since T and MiT) coincide off the support of def^), by the construction of v, 
£o and £ coincide off the support of pc(def (J 7 )). Finally, since length(£ /£ ) = b, 
and the definition of v is local over C, we conclude that def(0) = gc(def(jF)). □ 

It follows immediately from the above Lemma and Corollary [D] that A^_ b m := 
e _1 (2t^_ b tp) c A a is formed by all the torsion free sheaves T G A a such that 

o 

lies in A a ~ b , and def(^F) lies in Sym (A 2 )<rj. Clearly, A a is covered by the above 

<peq3(fc) 

locally closed pieces: A a = [J A [_ b sr S - Hence 21 a being the image of A a under 

b<a 

<pe<p(h) 

the proper morphism e a , is covered by the Uhlenbeck strata: 21° = |J <n- 

b<a 

6.2. Saturation and defect. Our next goal is to describe a similar stratification 
of the Uhlenbeck flag space. 

Given a parabolic sheaf T % G A4 a we define its saturation as the parabolic 

sheaf formed by saturations of all components of the parabolic sheaf T % : 

Clearly, Af(J-), is indeed a parabolic sheaf. Moreover, it is evidently locally free. 
By construction, T k C N(T)k for any k G Z. 

Given /3 = J2i M £ N[i] we define A* 3 = (C - c)' 3 as the product l\ t (C - c)^ . 
This is the moduli space of effective /-colored divisors of degree (3 on A 1 = C — c. 

We define A 2 C A 2 as A 2 - D . Note that D n A 2 = C - c. 

For a parabolic sheaf T % c A4 a we define its defect def(jF # ) = def(.F # ) + 

dei (T.) = E^def^.) + def°(T.) G A' 3 x Sym rf (A 2 ) (for some /3, d) as follows. 
Note that for any k G Z the quotient sheaf N(J-)k/ Fk \ ° is a torsion sheaf of finite 



UHLENBECK SPACES FOR A 2 AND AFFINE LIE ALGEBRA si 



19 



length d on A 2 independent of k. In particular, it is supported on a finite subset 

S C A 2 . So def°(^.) := £ seS length, (AA(^) fe /^ fe ) • s e Sym d (A 2 ). 

Now for j G / the quotient N(J~)i/Ti is a torsion sheaf of fi- 
nite length d + fo;. In particular, it is supported on a finite sub- 
set Si C A 2 . So def^J 7 .) := S seg . nDo length s (A/ r (J 7 )i/^ 7 ,*) • s, and 
de^ (J.) := £.£ s£ginDo length, {U^/Ti) ■ s G R\(C - c)( b '). 

Finally, we define def*(^.) := XUs len S tll s (-^(^")o/^b) ■ « G Sym rf+b ° (A 2 ). 

Recall that the imaginary coroot of s[„ is So '■= ^2i a i- Note that if T m C A4 a , 
and A/"(J"). G Xt 7 , and def (JF.) e A 13 x Sym d (A 2 ), then a = 7 + f3 + d5 - 

6.3. Partitions. We refer the reader to || 2.2 for a general terminology on par- 
titions. So for a G we have the set of usual partitions r(a). The definition 
of Kostant partitions &(a) of loc. cit. makes reference to the set R + of tp-roots, 
or in other words, "positive roots of gl„". To avoid a confusion we will denote 
the set of tp- roots by R~ f , and the corresponding set of gl n -Kostant partitions by 

(a). We define a subset Ri C i?~ whose complement consists of ?/>roots 

(0, kn), k = 1, 2, . . . (notations of Zoc. erf. 2.1). The set Ri together with the di- 

mension function restricted from i?i gives rise to the set of $i n - Kostant partitions 

%<»■ 

The number of summands in a partition ? is denoted by K(?). 

6.4. Configurations. We define the diagonal stratification of A Q = (C — c) Q . 
Recall that the multisubsets of a set S are defined as elements of some symmetric 

power S( m \ and we denote the image of (s±,...,s m ) G S m by {{si, . . . , s m }}. 
In particular, the set of usual partitions T(a) is formed by all the multisubsets 
r = {{71, • . . , 7m}} of N[J] - {0} such that J2T=i 7r = a. 

For r G r(a) the corresponding stratum A" is defined as follows. It is formed 
by configurations which can be subdivided into m groups of points, the r-th group 
containing j r points; all the points in one group equal to each other, the different 
groups being disjoint. We have dim(Ap) = K(r). For example, the main diagonal 
in A a is the closed stratum given by partition a = a, while the complement to all 
diagonals in A Q is the open stratum given by partition a — ^2 ieI (i + « + ... + i). 

ai times 

Evidently, A a = □ Ap\ 

rer( Q ) 

o 

Similarly, we define the diagonal stratification of Sym (A 2 ). We 

o o 

have Sym (A 2 ) = [J Sym (A 2 )sp. Also, in evident notations, 

Sym d (A 2 ) = U Sym d (A 2 )<p. For a partition G %{d) let Sym d (A 2 W 

denote the closure of the stratum Sym d (A 2 )<p. If — {{k\ ■ di, . . . ,k m ■ d m }} 
for some < d\ < . . . < d m , then we have an evident finite morphism 

m 

■ II Sym fe '(A 2 ) — > Sym d (A 2 W. The morphism is generically one-to-one; 

1=1 
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m 

moreover, Y[ Sym fc ' (A 2 ) is just the normalization Sym^A 2 )^ of the stratum 
(=1 

closure Sym d (A 2 )<p-. We have dim(Sym d (A 2 )^-) = dim(Sym d (A 2 )^) = 2K(5JJ). 

6.5. Defect stratification. We define the defect stratification of A4 a . Recall the 
setup of |6.2| . For a decomposition a = 7 + (3 + d5o, and a partition T £ r(/3), and 
a partition ^5 £ ty(d), the stratum A4" r qj is formed by all J 7 , e -M" such that 

o rer(/3),<pe<p(d) 
def^J 7 .) e Ap, and def ^.) 6 Sym <i (A 2 ) S p. We have AT = [J M"r,<p- 

Q=7+/3+di5o 

o 

We have an evident projection A/": .M" r <p — + .M 7 . Also we have a morphism 
def J : M* T V -> Sym d+bo (A 2 ). 

We define the defect stratification of M° as follows. For a based quasimap 

o 

M a 3 (j) = C V*. ® O c )iei we define its saturation M{4>) £ M 7 as the 

collection (£,— Ui C V*. ® Oc)ie/ where the line subbundlc £_ Wi is the saturation 
of the invertible subsheaf £_ Wi . The quotient £_ Wi /£_ Wi is a torsion sheaf on 
C — c of length bi supported at a finite subset Si, and we define the defect def (<fi) = 
^ ieJ defi(0) £ A@ as Sses l en Sth s (£- Wi /£-aj;) ' s - Note that necessarily 

a = 7 + (3. 

Finally, for a decomposition a = 7 + f3, and a partition T £ r(/3), the stratum 

M" r is formed by all S M a such that def (0) e Ap\ Note that M^ r ~ M 7 x Ap\ 

rer(/3) 

and M a = [J M; r (cf. §). 

a=7+/3 

Recall that gc ■ S' — C x X — ► C is the canonical projection from S' to C, and 
px : <5' = C x X — ► X is the canonical projection from S' to X. Recall also the 
setup of P 



3.S 



Lemma 6.2. For a parabolic sheaf J 7 , £ Ai" r <p the quasimap <j) := w Q (J r .) G 
M Q has saturation N{cj>) = w 7 (A/'(^ 7 ).) J and defect def(» = def^J".) + 5 Q ■ 
ec(dcf (^.)). Furthermore, d a {T.) = V d+b ° (def* + ^(A^J 7 ).). 

Proof: Clear from definitions and Corollary [Tf^. □ 

6.6. Uhlenbeck flag stratification. For a decomposition a = 7 + /3 + dSo, and 
a partition T £ T(/3), and a partition <p £ Cp(d), we define a constructible subset 
OT 7,r,<p c ma as w a(-^7,r,<p)- Lemma |J implies that M^ r ^ = w' 1 ^ >T ^). 
It follows that r tp is a locally closed subscheme of 9Jt Q , and w a : M" r qj — ► 
SDt" r sp is proper. Moreover, one can see easily that 971" r <p is smooth. 

'rer(/3),<pe<p(d) 

Thus we have the Uhlenbeck flag stratification 9Jt" — |_| OJt^pqj. 

a=j+f3+dSo 



Lemma implies that 9Jl^ r <p ~ M 1 x Ap 1 x Sym d (A 2 )<p. Let SW^p-qj denote 
the closure of the stratum 2ft™ r q3- Furthermore, if [3 = (hence T = 0), the 
above isomorphism extends to the finite morphism 9Jt 7 x Sym d (A 2 )<p- — > 9J P g — 

Composing it with the normalization morphism from 6.4 we obtain the finite 
morphism N 1 '^ : 9H 7 x Sym d (A 2 )<p — > 93? " which is generically one-to-one. 
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Theorem 6.3. w a : A4 a — > 97t Q is semismall. The relevant strata in 9Jl a are the 
ones with f3 — 0, r = 0, i.e. 9Jt" ^ <p /or a — 7 + g?(5o, ?P G 'P(d)- 27ie fibers of w a 
over the relevant strata are irreducible. 

Proof: Recall that dim(9Jt Q ) = dim(A^ Q ) = 2|a|. It follows from the above dis- 
cussion that dim(S[)T^ r qj) = 2| 7 | + K(r) + 2K(«P). The fibers of vj a : M^ T ^ -> 
971" r <p were computed in Q , || , Jl9| . Namely, consider a locally free parabolic 

o 

sheaf T, € Ai 7 , and /3' € N[J]. Recall the projective variety Kpi{J-») introduced 
in g, 3.1.3. For a point c e C — c let F\bf}^ c (T,) C Kpi(T») be a closed subvariety 
given by the condition that the quotient sheaf T. (see loc. cit.) is concentrated 

o 

at c G C. For a point s £ A 2 and rf' e N let Fibd'^l^o) be the projective vari- 
ety classifying all the torsion free subsheaves J 7 ' C J-q with def(jF') = a" ■ s (see 
the Appendix of Q). 

Let ?P = {{ki ■ di, . ■ ■ , k m ■ c? m }}, and T — {{n\ ■ f3i, . . . ,n g ■ f3 g }} for distinct 

o 

,P g . Let s = (di ■ s\, . . . di ■ , ... ,d m ■ s^, ... , d m • s^") e Sym (A 2 ) r , 

„ o 

and c = ■ c}, . . . (3% ■ c™ 1 , . . . ,(3 g -c g ,... ,/3 g - c g a ) e Ap, and <p € M 7 correspond 

o 

to J 7 , in Then the reduced fiber / nj~ 1 (4>, c, s) is isomorphic to 

JJ(Fib A>c i(^.) x ... x Fib AiCr ,(^.)) x JJ(Fib di!S? (^ ) x ... x Fib », (^ )) 
2=1 z=i 

Now according to the Appendix of J0|, the variety F\bd>, s {J~o) is irreducible of di- 
mension nd! — 1. And according to B, Theorem 1, Fib^' iC (J r .) is a union of various 
irreducible components of dimension smaller than or equal to \(3'\ — 1. 

Now a routine arithmetical check completes the proof of the Theorem. □ 

<pe<p(d) 

Corollary 6.4. w a *C[2\a\} = © 2C(9Jtey_). 

□ 



6.7. Symmetric algebras. We compute the stalks of £47q,*C[2|q!|]. To this end 
we have to know the cohomology of fibers of w a . A cellular decomposition 
of Fib/3' iC (^-,) is constructed, and the dimensions of the cells are computed 
in M, p. 165. The cohomology of Fibd', s (^-o) (equal to H'(A(n, d'))) are computed 
in p9[ , Theorem 2.3. To arrange the cited information into a neat form we need 
some linear algebraic preliminaries. 

Recall the Hall algebra H of the category of nilpotent representations of the 
cyclic quiver A„_i, see e.g. ||, 1.3. It is naturally N[/]-graded by the dimension 
of representation H = ©^gjqnH^, see loc. cit. It has also a natural filtration 
F°H C F 1 H C . . . , namely, we say that a class [M] of a nilpotent representation M 
lies in F k H if M is a direct sum of k indecomposable representations. In particular, 
F^-H/F !! = C[R± } (notations of |6^). We denote by H* the associated graded 

algebra gr F .H. It is canonically isomorphic to Sym*(C[i?i ]). We have H* = 

®/3SN[7]H'. 
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Let n+ be a subalgebra of sl„ generated by e„ i G I. Choosing 
a root basisf] we identify it with C[i?~ ]. Thus we have Sym*(n+) = 

Sym'(C[i?t ]) c Sym , (C[i?t ]) = HV Also, we have a natural grading 

Sym*(n + ) = © /3eN[/ ]Sym*(n + )^. 

^ l<fc<n ^ ^ 

We also define a bigraded space u(gl n ) — u (fl^)d wnere u (flt n )d i s 1" 

d=l,2,... 

_ 2<fc<n _ ^ 

dimensional C-vector space. We define u(s[„) = u iS^ n )d c u (fl'n)- Thus, 

d=l,2,... 

the symmetric algebras Sym(u(gl„)), Sym(u(s[ n )) are also bigraded: Sym(u(gl„)) = 

k£N ^ ^ fceN _ 

Sym(u( fl Lj)*, Sym(u(sl„)) = Sym(u(s[ n ))*. 

deN deN 

Recall the notations of the proof of Theorem |6~5| . 

Proposition 6.5. The stalk o/t37 Q *C[2|a|] at a point {4>,c,s) £ SDt" r ^ is isomor- 
phic to 

(g) (® reN H^ [2r]f ni ® (©^SymKgtJ^ [2r]J [2| 7 |] 

Proof: Follows immediately from the proof of Theorem |6.3| , and the above cited 
results of HI, g. □ 

Theorem 6.6. The stalk ofTC(V7l a ) at a point (<j),c,s) £ 971" r qj is isomorphic to 

(g) (© reN Sym''(H+) A [2r]f n ' ® (g) (® reN Sym(u(aO)S i [2r]J [2| 7 |] 
1=1 i=i 

Proof: Recall the finite, generically one-to-one morphism N 7 ^ : 
TP x Sym d (A 2 )^ -> Stt^-^ introduced in |1| It is well known that 



Sym d (A 2 )^ is rationally smooth; hence IC(Sym d (A 2 )^) = C[2K(<£)], and 
XC(SWS< ) = N3' v (XC(TV) HC[2K(qj)]). 

Now we use Corollary |6.4| , Proposition |6.5| , and induction in a, d (cf. the argu- 
ment in @, 3.7). □ 

6.8. Uhlenbeck flag spaces for untwisted affine Lie algebras. Let Q be a 

simple finite dimensional Lie algebra, and let g be the corresponding untwisted affine 
Lie algebra with the coroot lattice Y = Z[7], and the dual lattice of weights X. Let 
g v be the Langlands dual affine Lie algebra, with the roles of X and Y interchanged 
(note that if g is not simply laced, then g v is twisted). Let C g v be the standard 
maximal nilpotent subalgebra graded by N[i], and n v (p) c the nilpotent radical 
of the standard maximal parabolic subalgebra p C g v . Let 5q € N[7] be the 
minimal imaginary root of nY. Then n v (p) is naturally graded by N[<5o] : n v (p) = 
©dGNn v (p)d5 . Also, n v (p) carries a natural integrable action of the Langlands 
dual algebra g v . Let / £ g v be a principal nilpotent element. Let W.n v (p) be the 
monodromy filtration associated to the action of /. Then the invariants (n v (p))' 



3 To avoid a confusion between roots and coroots, we should have worked with the Langlands 
dual Lie algebra s[^. We prefer to use a coincidence sL_^ st^ to save notations at this moment. 



To clear up things, the interested reader is referred to 3.8 
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project injectively into gijy n v (p), and hence we obtain a grading on the space 

(n v (p))-f =: u(g v ) = ©fcGNu(g v ) fe . Recall that we also have another grading on 

feeN 

u(g v ), so that it is actually bigraded: u(J v ) = u(g v )^ 5 . Thus, the symmetric 



A-eK 



algebra Sym(u(g v )) is also bigraded: Sym(u(g v )) = Sym(u(g v ))^ (5 . 

The Kashiwara definition of the flag scheme £>, and the Drinfeld definition of the 
based quasimaps' scheme M° works for the affine Lie algebra 9 as well. Repeating 
the constructions of 3.6, 4.7 we define the Uhlenbeck flag space 9Jl Q . It is strati- 
fied as in |6l| On the base of §), 7.3, we propose the following generalization of 
Theorem 5.6 to arbitrary g. 

Conjecture 6.7. The stalk of IC(9Jl a ) at a point (</>,c, s) 6 9Jt" r tp is isomorphic 
to 

m g 

(g) (© re „Sym r (t^) ft [2r]f ni ® (g) (© reN Sym(u(? v ))^ [2r]) 8fci [2| 7 |] 
i=i ;=i 



7. HECKE CORRESPONDENCES 

• o 

7.1. Boundary. We define an open subvariety M. a D M. a D M. a formed by the 
parabolic sheaves T% which are locally free parabolic sheaves in some Zariski open 

neighbourhood of Do C S' . The complementary closed subvariety Ai a — M. a is 
denoted by M. a . For a, 7 S Nil] we consider the Hecke correspondence (E 7 C 

M a x A^ Q+7 formed by the pairs (J 7 ,, of parabolic sheaves such that T' m C J 7 ,. 
The first projection C; 7 — > .M" will be denoted by p, and the second projection 
C; 7 — > yW Q+7 will be denoted by q. Note that q is proper while p is not. 

Proposition 7.1. At" is connected. 

Proof: Assume for a moment that M a is connected for any a. Then we just have 
to prove that the boundary M. a is connected. By induction in a we may assume 

that A4 13 is connected for any j3 < a. Recall that a = J2iei a ih an d for i € I 
such that a. L > we set on — a — i. Then, evidently, A4 a = UiPK^aJj an d an y 
two nonempty pieces of the boundary intersect nontrivially: q(<E l ai ) f] q(2%. ) ^ 0. 
So we only have to prove that q(<£*,.) is connected. But the fibers of projection 
& l ai — y A4 ai were computed in 4.3.5. It follows in particular that these fibers are 
connected. Since M. ai is connected by induction assumption, £ % a . is connected itself, 

hence q(<£^.) is also connected. Thus it remains to prove that M. a is connected. 
This is the subject of the following Lemma. 

Lemma 7.2. M. a is connected. 

m 

Proof: We introduce a still bigger open subvariety M a D M a D M a formed by 
the parabolic sheaves such that T§ is locally free in some Zariski open neigh- 
bourhood of Do C S', and for — n < k < the quotient sheaves Tk/F-n on Do 
are locally free. For such a parabolic sheaf T» the quotients Tk/F-n are locally 
free subsheaves of the vector bundle J-o|d on C, and the parabolic sheaf T» can 
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be uniquely reconstructed from Fq, and the flag of locally free subsheaves T^jT-n 
of J^oIdo- 

Thus we have a cartesian diagram 

M a — ^— ► Q" 
A a ° — - — > Bun 

Here A a " C .4°° is an open subvariety formed by torsion free sheaves which are 
locally free in a Zariski open neighbourhood of Do C S' . Furthermore, Bun is the 
moduli stack of <SX n -bundles on C, and r sends A a " 3 Tq to .Fo|d - Also, r sends 
T, to Tq. Finally, Q" A B un is Laumon's stack of quasiflags of degree a, see 
Here a is an element of coroot lattice X[I — 0] C = Y of sl n C st„. It is given 
by the formula a — J2o=£iei( a i ~~ a o)*- 

Now A a ° is connected being an open subvariety in A a ° which is connected 
by Nakajima's quiver realization |l8|, 2.1, and cohomology computation jL9|, 2.3. 
Moreover, the fibers of p are connected since Q a is connected, and Bun is nor- 
mal. Hence Ai a is connected. This completes the proof of the Lemma along with 



Proposition 7.1. □ 



Corollary 7.3. dimM a = 2\a\. 

Proof: We use the cartesian diagram in the proof of the above Lemma, to- 
gether with the known formulas for the dimensions of Bun, Q Q (see |lq] ) and of A a ° 
(see ||). □ 

7.2. Generically trivial parabolic sheaves. Our next goal is to study the ac- 
tion of Hecke correspondences <£ l on the cohomology of Ai a . Recall that the first 
projection p : — > M. a is not proper, and this causes a difficulty in the definition 
of the desired action. To get around this difficulty we will introduce another ver- 
sion of moduli spaces A^g t and Hecke correspondences between them which have 
proper projections. Recall that M. a is the moduli space of parabolic sheaves which 
are trivialized at C x x 1J c x X. In the definition of A^g t we replace the condition 
of triviality at c x X by the condition of triviality of J-q at some line c x X, i.e. the 
condition of generic triviality of To give a rigoruous definition we need some 
preparations. 

For any collection of points c\ , . . . , c m of the curve C we consider the moduli 
scheme M a (ci, . . . , c m ) of all infinite flags • • • C T-\ C J~o C T\ C . . . of torsion 
free coherent sheaves of rank n on S' such that 

(a) T k + n = ^fc(Do) for any fc; 

(b) ch\(J-k) — k [Do] for any k: the first Chern classes are proportional to the 
fundamental class of Do; 

(c) c/i2(^fc) = ai for i = k (mod n); 

(d) For all k € Z the sheaf Tk is locally free at the lines c\ x X, . . . , c m x X c S'; 

(e) The sheaf Tq is trivialized at the line C x x C S' and trivial at the lines 
Ci x X, . . . , c m x X C S 1 . 



It is instructive to compare this definition with 3.4. The difference is the fol- 



lowing. First, we replace one fixed line c x X C S' with an m-tuple of lines 



ci x X, . . . , c m xX.cS'; and secondly, we drop the condition (e) of 3.4, imposing 
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the behavior of the restrictions J~k\ c xx. an d replaced it by a much weaker condition 
of locally freeness. 

Proposition 7.4. For all m > and all ci,...,c m G C the moduli scheme 
M a (ci, . . . , c m ) exists. It is smooth connected scheme of dimension dimB + \2a\. 
For any permutation a of the set {l,...,m} the schemes M a {c\ 1 . . . , c m ) and 
M a {c a (i), . . . , c CT ( m )) are canonically isomorphic. 

Proof: The first part follows from jllj] and |2^| as in [Tf], and the third part is 
evident. Thus it remains to check the smoothness and the connectedness and to 
compute the dimension. 

First, consider the moduli scheme Ai a (c). Consider the evaluation map 

ev (c , y) : M a {c) -> B, (T h ) h-> ( lm(^ |(cy) ^o|(c, y )))_„< fc < - 

The locally freeness condition |7.2| (d) implies that | ( cy ) is an n-dimensional vector 
space, while the conditions (a) and (b) imply that the map J~k\(c,y) ~ * -^blfey) 
has rank k + n. Hence ev( C)y ) (J 7 *;) is a flag in the vector space ^(c.y) which is 
canonically isomorphic to V, thus a point of the flag variety B. Now note that 
the map ev( cy ) is evidently a locally trivial fibration, and the fiber of ev( cy \_is 



canonically isomorphic to the variety Ai a . Hence Lemma |3.3| and Remark ^4 
imply that M a (c) is a smooth connected variety of dimension dim B + 2|a|. 

Further, for any point c\ G C choose an automorphism g of the curve C such 
that g(ci) = c. Then g identifies the moduli schemes M. a (c\) and Ai a (c), hence 
A4 a (ci) is a smooth connected variety of dimension dimB + 2\a\ for all ci 6 C. 

Finally, it is clear that Ai a (ci, . . . ,c m ) is an open subscheme of A4 Q (ci), hence 
M a ( ) is a smooth connected variety of dimension dimB + 2\a\ for all 

ci, . . . ,Cm S C. □ 

Definition 7.5. Let M^ t denote the gluing of schemes A4 a (ci) for all c\ € C with 
respect to the open subsets M a (ci) D M a (ci,c 2 ) C M a (c 2 ). 

Theorem 7.6. The scheme Mgt * s a smooth connected variety of dimension 
dimB + 2\a\. The moduli schemes M a (ci) form an open covering of M^ t and 
M a {c 1 )nM a (c 2 )=M a {c 1 ,c 2 ). 

Proof: The only thing we need to check is that -Mg t is a scheme of finite type 



Then all the rest follows from Proposition 7.4. On the other hand, if we want to 
check that Mgt i s °f finite type, it suffices to show that there exists an integer s 
such that for any collection of distinct points ci, c\, . . . , c 2 S C we have 

s 

M a ( Cl )= \jM a ( Cl ,c? 2 ). 

P =i 

Then it would follow that M^t i s m f ac t a gluing °f ( s + 1) moduli schemes A4 a (c\) 
for an arbitrary collection of (s + 1) distinct points c\, . . . , c\ +l G C. 

Let us show that s = \a\ + 1 is big enough. Since the group of automorphisms 
of C acts transitively, it suffices to consider only the case c\ = c. So let Tk be 
a point of M a (c). Let J\f(T)k be its saturation and denote /3 = where 
b k = ch 2 {M{T) k ). Then Af{T) G A ao ^ bo and for any k G 1 the sheaf N(F) k /Fk 
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is a sheaf on £>' of length bk- Recall that according to Lemma |3.5| the subset 
D C (C — c) formed by the points i£C such that the restriction Af(J-)o\x x X is 
nontrivial, has cardinality at most ao — bo- Therefore 

du (\j ec(8upp(JV(^ fc /^ fc ))J 

is a subset in C — c of cardinality not greater than 

n-i 

(oo - 6 ) + bk = _ & °) + 1^1- 

fe=0 

Now if s > (do — 60) + 1/3 1 and c\ 7 . . . , c\ are distinct points of C — c then there 
exists 1 < p < s such that for all k € Z the sheaf Tk is locally free and the sheaf To 
is trivial at the line c\ x X. Thus T, lies in A4 a (c,c%). Thus it remains to check 
that the integer (osq — bo) + |/3| is uniformly bounded for all T % . But this is evident, 
because we always have (3 < a, hence (ao — &o) + \P\ f; | Q - Thus s = a| + 1 is 
indeed big enough. □ 

7.3. Correspondences. For any a, 7 £ N[/] we define the Hecke correspondence 
£2 C A^g t x A^g^ 7 as a closed subvariety formed by all the pairs (T % ,T',) £ 
A^g t x A^g^ 7 such that T' % C T,, and the quotient is supported at D C S' . 

We have canonical projections 

p:<BZ^M« t , qH^Af^ 7 , and r : & a -> C 7 . 

Here p and q are induced by projections of the product Afg t x Alg^ 7 to the factors, 
and r is defined as follows: 

r(T.,T'.) = supp(J-.,^:) = ^supppV^i £ D 7 = C 7 . 

Lemma 7.7. 77ie maps p and q are proper. 

Proof: Evident. □ 

7.4. Top-dimensional components. We begin with some notation. Recall that 
for any T, C T' % the quotient T. = T./T 1 , can be considered as a representation of 
the infinite linear quiver Aoo in the category of torsion sheaves supported on Do- 
It is clear that T. is a nilpotent representation. On the other hand, the periodicity 
of T % and T' m imply the periodicity of T,, namely a canonical isomorphism (the 
triviality of the normal bundle A/"d /cS' is used here) 

Tk+n — Tk- 

Thus T. can (and will) be considered as a nilpotent representation of the cyclic 
quiver A n _i. Following || we denote by NR„(D ) the category of nilpotent rep- 
resentations of the cyclic quiver A„_i in the category of torsion sheaves supported 
on D . For any object T. £ NR n (D ) and a point x £ D we denote by T x (T t ) the 
representation of the cyclic quiver A n _i in the category of vector spaces, formed 
by sections of T, with support at the point x £ Do- Recall that the isomorphism 
classes of nilpotent representations of the cyclic quiver A n _i in the category of vec- 
tor spaces are numbered by Kostant partitions of gl n . We denote by k x (T,) £ 
the isomorphism class of T X (T,). 
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Now we are going to use the results of || to describe the top-dimensional com- 
ponents of (£ 7 . Choose a Kostant partition k = {{6*i, . . . ,8 m }} E (7), where 

o 

6*i, . . . , 9 m E Ri . Consider a subset (££ C (E 7 consisting of all pairs (J 7 ,, T' % ) such 
that 

1. r(.F., T' % ) E C 7 , that is supp(^ r ., — J2T=i \^r\ x r with all x r distinct; 

2. JF. is locally free at the points xi, ■ ■ ■ , x m \ 

3. n Xr {T./T' m ) = {{6 r }} for all 1 < r < m. 

o 

We define <£* as the closure of 

Proposition 7.8. Dimension of any irreducible component of (£ 7 is not greater 
than dim B + 2\a\ + |7|. Any component of this dimension coincides with for 
some k E (7). 

Proof: Consider a stratification of M^ t X C 7 via the defect of T % at the support 
of "^2 lr x r E C 7 , namely 

x« t xc 7 = y zS(/si,... s O- 

rer( 7 ) 

|«i|H H K ml=7'< ct 

Here Z^k'j, . . . , /t^,) C x C 7 is the subspace of all pairs {T,,^^ r x r ) such 

that 

1. {{71, . . .,7 m }} = T; 

2. n Xr {N{T)./T.) = n' r for all 1 < r < m; 
Consider the partial saturation map 

Z r a ( K ' 1 ,..., K 'J^M^' x CJ, (^.,^7^') - (A4 1 ,...,x m (^).,^7r^). 

The fiber of this saturation map was described in ||. It was denoted there by K^, 
where /.t = {{k^, ■ • • , k[„)} — the corresponding multipartition. It was shown in 
Lemma 3.1.4 and Theorem 1 of loc. cit. that 

dimi^ = £(|K|| -K«)). 

This implies 

dimZ£(Ki,...,<J = dimB + 2|o;-7 / | +TO + ^(|K|| - K«)) 
= dimB + 2|a| - | 7 '| - E K «) + m 
= dimB + 2|a| + | 7 | + E(l - l7r + 7,'l - K«)), 

where Yr = l K rl- 

Now consider a stratification of (£ 7 via the defect of the sheaves T % and ^ at 
the support of namely 

^■Z — I [ Z a (K 1; . . . , K m ; Kl, . . . , K m ). 

r e r( 7 ) 

|«i|H h|Kml=7'< ct 

Kt-| = |kJ.|+7i- 

Here ZJ^k/j., ■ ■ ■ , K,' m ; «i, • • • , Km) C € 7 is the subspace of all pairs (J 7 ., J^) such that 

1. r(f.,f:)=EweC?; 

2. n Xr {N{T)./ T.) = K' r for all 1 < r < m; 

3. ^Wi? 7 ')./?'.) = k r for all 1 < r < m; 
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Note that T' % C T % implies N(J-') = Af(J-), hence we indeed have \k r \ = \n' r \ + 7r . 

Now consider the map p x r restricted to the stratum Z^^, . . . , n' m ] k\, . . . , k m ). 
It is clear that 

(P x r )(Z-a( K V ■ ■ ■ ' K mi K l> ■ ■ ■ ' K m)) = • • • ) K m)' 

Furthermore, it is easy to see that the fiber of this map over a point (J 7 ., ^2 lr x r) 
consists of all T' m , such that 

1. K Xr (N{T)./F.) = k r for all 1 < r < m; 

2. T' % C .F. 

It follows that this fiber can be embedded into the variety K^, where 
}} as a closed subvariety (the closed condition is the condition 2 
above). In particular, the dimension of the fiber is not greater than 

m m 
£(ll«r|| - K(« r )) = +7.1 " K(« r )). 

r—1 r—1 

Comparing this with the formula for the dimension of the stratum Z^(k' 1; . . . , K' m ) 
we see that 

dim Z q (k 1; . . . , K m ; Ki, . . . , K m ) 

m 

< dim B + 2\a\ + | 7 | + £(1 - |7r + 7,'l - K«)) + ^(K + 7r| - Kfr.)) 

r=l 
m 

= dim B + 2|a| + | 7 | + £(1 - K«) - K(« r )). 

r=l 

Note that since 7r > we have K(k r ) > 1, hence the last term is always nonpositive. 
Therefore, 

dimZ„(«i, . . . ,K r m ;Ki, . . . , /c m ) < dimB + 2\a\ + | 7 | 
and the equality is possible only when K(n' r ) = 0, K(k,.) = 1 for all 1 < r < m. 
This means that T» is locally free at the points x±, . . . , x r and that k r — {{0 r }} for 
some 9 r S i?~ . Moreover, it is easy to see that in the latter case the condition (2) 



above is void, hence 
7 r 



dimZ^(0, . . . , 0; {{0!}}, . . . , {{dx}}) = dim B + 2\a\ + | 7 |. 
Finally, it remains to note that g|f fil '-' e '"» = z£(0, . . . ,0; {{6>i}}, . . . , {{6>i}}). □ 



7.5. In Proposition 7.8 we gave an explicit description of open parts of the top- 
dimensional irreducible components of (S^ • Below we will need for technical reasons 
also an explicit description of some closed subset C <B1 sucn that <£* C <££ iff 

K = K 1 . 

Now we will define such closed subsets. We begin with some notation. For 
T. e NR„(D ) we denote 

T{T.) =Y(S,T,) = ® xe n o r x (T.), and k(T.) = £ k x (T.). 

x£D 

Thus k(T,) is the isomorphism class of T(T,). Now, for every 7 € Z[7] let V( 7 ) 
denote the representation space of all 7 -dimensional nilpotcnt representations of 
the cyclic quiver A„_i and let GL( 7 ) denote the group acting on V( 7 ) by change 
of bases. Then the GL( 7 )-orbits on V( 7 ) are nothing but the isomorphism classes 
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of nilpotent representations of A„_i. Let O k denote the orbit corresponding to 
a Kostant partition k. Note that we have a canonical partial order on the set of 
orbits. It induces a partial order on the set of Kostant partition: for k, k' g &~ ( (7) 
we have 

k < k iff O k c57c V( 7 ). 
Now take an arbitrary Kostant partition k G $.~ { (7) and consider the subset 
C defined as 

= {{J 7 , D K) I <F*IK) < « and r(JT.,^) g cl} 

^ o ^ 

Lemma 7.9. TTie subset £^ C is closed and <E^ C if and on/y if K = k' ' . 

Proof: It is clear that both conditions defining C 2;^ are closed, hence is 

closed. Now assume that ^ C 2„ . It follows than that 

K < k' and Cl C Cl. 

Let us check that this is possible only if /t = «/. It is clear that the partial or- 
der given by adjacency of strata can be described as follows. Assume that 
01, . . . , 9 r , 0[, . . . , 0' m g i?i , m — s\ + ■ ■ ■ + s r , and for all 1 < p < r we have 

9=1 

Then we have 

<-<7 r- 7^7 

and all adjacencies have such form. In particular, if Cl C C^, is a proper inclusion, 
then the number of entries K(re) is strictly smaller than K(k'). 

On the other hand, Ringel's explicit description of the order k < k' in J20), 4.7 
implies that we must have K(k) > K(n') whenever k < k! . The Lemma follows. □ 

7.6. Action of the Hall algebra. Let H„ denote the generic Hall algebra of the 
category of nilpotent representation of the cyclic quiver A n _i. Recall that the 
generic algebra H n is an algebra over Z[g] (polynomials in a formal variable q) with 
a basis S K indexed by isomorphism classes of representations, that is by Kostant 
partitions, and with the following multiplication rule 

K 

where the structure constants c*, K ,,(q) are defined as follows. Take ¥ q for a base 
field and choose a representation W* over ¥ q in the isomorphism class k. Then 
A K „(q) is defined as the number of subrepresentations W' % C W,, such that the 
isomorphism class of W' m equals k' and the isomorphism class of W % jW, equals k" . 
It turns out that c 1 ^, K n{q) is a polynomial function of q, thus we can consider H„ 
as an algebra over 1\q\. 

From now on we consider a specialization of the Hall algebra H„ at q = 1 and 
denote it by H.. As before, H is a Q-algebra having S K for a basis and c", K „(l) 
for structure constants. 
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Consider a graded vector spaces 

Sj= H-^iM^Q) (7.10) 

aeZ[I] 

(note the shift of the cohomological grading). 

For each Kostant partition k € (7) we consider an operator on cohomology 

given by a correspondence C M-gt x W^ 7 : 

e K = [<££] : H'(M a st ,Q) - H'(M«+\Q). 

Since dimXg t +7 = dimX^ t + 2\j\ and dim <££ = dimX^ t + I7I it follows that e K 
shifts the cohomological degree by |7|. Hence e K considered as an operator in the 
vector space S) preserves the cohomological degree. 

Remark 7.11. Instead of defining e K as the operator given by the correspondence 
[l£^] we could define e K as the component of the operator given by the correspon- 
dence [<££], which increases the cohomological dimension by 2||k||. According to 
Lemma |7.9| these definitions are equivalent. 

Theorem 7.12. The vector space S) is a module over the Hall algebra H. where 
S K act via e K . 

Proof: Let k' G (7'), k" <E (7") and put 7 = 7' +7". We have to compute 
the composition of correspondences [<££ + y] • ]■ Instead, using Remark [7.1l| we 
can compute the component of the composition of correspondences [<££+y] • ] 
that increase the cohomological dimension by 2 1 | . 

Consider the product -Mg t x X M 1 ^ 1 and let pij denote the projection 

to the product of the i-th and j-th factors. Consider the subset (E£; ,K C -Mgt x 
A4g t +7 ' x M^t 1 defined as 

= {{T, D T'. D T'i) I G and e e^+y} 

Then • fe+y] is given by Pi 3 *fe' ,re "]. But it is clear that Pi 3 (£^' K ") C gj, 
hence by Proposition 7J: the component of [££ + y] ■ ] increasing the cohomo- 



logical dimension by 2\j\ equals to 

for some constants d*, R „ which we have to compute. Further, it is clear that d't, K „ 
equals the number of points of ' K over a generic point of Since we are 

o o 

interested in a generic point, we can take a point in So let £ <££ and 

denote T. = T,j J 7 ','. Then it is clear that d%, K „ equals the number of subobjects 
T'J C T. such that for T' m = T„/T'J the following conditions are satisfied: 

1. K.(T' m ) < k'; 

2. supp(T:) C CI',; 

3. k(T?) < k"; 

4. su PP (t;) ccS; 
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Now assume that k — {{61, . . . , 9 m }} and that supp(T # ) = ^ 9 r x r . Then it is 
clear that K Xr (T,) = {{0 r }} for all 1 < r < m. Assume that T'J is a subobject in 
T.. Then W? = T Xt {T'J) C T Xr (T.) = W r is a subrepresentation. Moreover, T'J is 
uniquely determined by this collection of subrepresentations. Indeed, it is equal to 
the image of the natural map 

ffipLiWr ® o s -> iW r ® o 5 r.. 

Finally, note that the set of all nontrivial subrepresentations W" C W r is in a 
bijection with the set of all 9" such that 0" ends at the same vertex as 9 r does, 
and has smaller length. Put 9' r = 9 r /9". Then we have 9 r = 9' r -k9". Note that 
if Tj' and T' t is the subobject and the quotient object of T. corresponding to such 
collection 0" then 

«CO = M.--..0. su PP (t;) e c« e "- C}} ; 

Thus d*, K „ equals the number of collections (9' r , 9")^ =1 such that 
k' = {{9[,...,9' m }}, k" = {{9[,...,9' m }}, and 9 r = ^ * ^ for all 1 < r < m. 
It remains to note that this is precisely c", (see e.g. ||). □ 

7.7. Action of sl„. In addition to the operators e K introduced above, we define 
operators f K as the operators on the cohomology induced by the transposed corre- 
spondences: 

h = I(^- 7 ) T ] = H'(M$,Q) - H'(M^\Q). 
To unburden the notation denote the operators eiuxi and f{{i}} by e, and /j 
respectively. Further, define the operator hi on H'(Ai^ t , Q) as a scalar (•£', a) + 2- 
multiplication. 

Proposition 7.13. We have [et,fj] — Sijh{. 

Proof: We have to compare the following compositions of correspondences: 
etfi = [<£««] • and /, e , = [(£«*»]* • [<£««]. 

Instead, as in the Proof of Theorem 7.12 we will compare the components of the 
compositions 

K] ■ K+i-jf and [<_,.] T 

preserving the cohomological degree (note that for k — {{i}} we have <£ a = (EJJ. 
To this end we consider the following subspaces 

n = Pn(£i) np 2 l s 1 ((^ +l _,) T ) c x Mlt 1 x AC," '. 
Consider the following open subset 

[A^xA^-A ifi = j 
where A is the diagonal. Then it is easy to see that 

*3np£(U)*£3Cn P £(U). 
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Indeed, the map 

gives such an isomorphism. Hence we have 

[e;, /j] =0 for i ^ j, and [e,, /,] = b l a [A] for i ^ j, 

and it remains to compute b\. 

So, assume that i = j. Let us begin with the contribution of 5£ into b l a . To this 
end, note that the fiber of over generic point of the diagonal A (with respect to 
the projection pi^) is empty. The reason is the fact that for a locally free T, there 
exists no T'„ such that T % C T' % . Thus doesn't contribute into b l a . 

As for the situation here is quite opposite. For generic point £ = {J-,,J-,) £ 
A C A^gt x A^g t the fiber of over £ is isomorphic to C = P 1 : it consists 
of all T' % C J-, such that K{T m jT' % ) = {{i}}, and such subobjects are uniquely 
determined by the point x = supp^./JF^) = r(T %1 T' t ). Moreover, the intersection 
Piii^a) ^ P23 ((^a+i~j) T ) m this case has dimension greater by 1 than expected, 
thus we are in the excess intersection situation. It follows that b l a equals to the 
degree of the excess intersection line bundle restricted to the fiber 2:^. Further, 
acting as in 3.6.1 we can show that 



b\ = degq|A' J 



oi/M: 



,+i 



where D l a = q(<£jj, and q 5 : p _1 (.F.) = C C & a -> A4g t +i is the canonical 
projection. 

Now let us identify the normal bundle M Di /j^+t ■ Let T, 6 Alg t be a locally 

free parabolic sheaf and assume that T' % C T % is such that k(J-,/J-^) = {{i}}. Let 
c = supp(T, / J-' t ) = r(J r .,J r ^). Then T' % G and we have the following exact 
sequence 

-> ^ -► ^. -> [TilTi-x) c ® c O c [t] -> 0, (7.14) 

where the right term is considered as an n-periodic representation of an infinite 
linear quiver in the category of sheaves on S' with the sheaves [Tij Ti-\) c <E>c Cc 
placed at k = i (mod n) and with zero at all other places k. Now we want to 
compute the tangent space (see |pl[) 

7>/M^ = Ext 1 (^;,^(-D 00 )) 



using the exact sequence ( 7.14 ). Here Doo stands for C x x. To this end we have 
to compute 

Ext^i/^-Oe ® c O c [i], ^.(-Doo)), 
Ext^^i/^i-Oc ® C Oc[*1, (Fi/Fi-lic ®c OcWC-Doo)), 

Ext*(^„ {Fi/Fi-x) c ® c O c [i]{-^oo))- 
The third Ext is easiest to compute. It is clear that we have 

{TilTi-x) c ® c OcpK-Doo) s [TilTi-x)o ®c O c [i] 

and 

Hom(J., {TilTi- X ) c ® c O e [i\) = {T l jT l - 1 ) c ® c (^i/J^-i)* = C, Ext >0 = 0. 
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To compute the other two Ext-s we use the following locally free resolution of O c \i\: 





T 






T 




T 


I 




- 


■+ O(-Xc) 


o(- 


-x c ) 


©e> 







-> o - 







T 






T 




T 


T 




- 


■+ 0(-X c - D ) - 


o(- 


-x c ) 


©e>(- 


-Do) - 


e> 


-> a - 







T 






T 




T 


T 




- 


■+ 0(-X c - D ) - 




D ) 


©0(- 


-Do) - 


-> O(-Do) - 


-> o - 







T 






T 




T 


t 





Here X c stands for c x X. The rows of the above diagram are exact sequences of 
coherent sheaves and the columns are n-quasi-periodic representations of an infinite 
linear quiver. The quasi-periodicity means that when one shifts to n positions up, 
the sheaf became twisted by 0(Dq)- 

Using this resolution one can easily compute Ext-s: 

Ext p ((^/^_!) c ® c OcM.^.C-Doo)) = 

{{T.jT^l ® c (Fi+i/Fi)c ®c 0(Xc) CJ p = 2 
I 0, otherwise 



Ext P ((^/^_!) c ® C O c \i], (^i/^i-Oc 0c CcWC-Doo)) = 



C, p = 0,l; 
0, otherwise 



Now, computing Ext*(^, Dqo)) with the help of ( |7.14| ) one gets a spectral 
sequence with the first term as follows: 

{Fi/Fi-i)* ® c {Fi+i/Fi)c ®c C(X C ) C 

Ext 1 (^".,.F.(-D 00 ))eC 

c 

Here the map in the bottom row is the map 
Hom((fi/fi_i) c ® c O c [i], {T l jT l - 1 ) c <g> c 0c[i](-D«,)) 

induced by the projection JF. — > {J : i/J : %—\)c <8>C O c [i\. It is clear that it takes the 
identity homomorphism to this projection. Thus this map is not trivial, hence 
induces an isomorphism in the bottom row of the spectral sequence. It follows that 
the spectral sequence degenerates in the second term and gives the following exact 
sequence 

-» Ext^.^-Doo)) © C -> Ext 1 ^, ^(-Doo)) -> 

{Fi/Fi-i)* <8> c (^+i/J^)c ®c 0{X C ) C -» 0. 

It is clear that the first term in this exact sequence is the tangent space to the 
divisor D l a at the point T', € -Mg t . Hence, the fiber of the normal bundle at this 
point is isomorphic to 

(■Fi/^i-i)* ®c (^i+i/^)c ®c C(X C ) C . (7.15) 

Now we can compute 6^. To this end we should let the point c vary with in the 
curve C and compute the degree of the line bundle formed by spaces ( 7.15| ). The 
bundle in question is clearly 

[TijTi-xf ® (^i+i/^i) ® 0(2), 
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the last factor is the restriction of the sheaf O(Ac) on C x C to the diagonal. Thus 
b l a = deg((JV^-i)* ® {Fi+i/fi) ® 0(2)) = ~ deg^/JT^) + dcg(^ +1 /^) + 2. 
Applying Lemma 3.1.1 from |s) we get 

6 l Q = (i',a)+2. 

This completes the proof of the Proposition. □ 
Recall now that sl„ is a Kac-Moody algebra with generators ei,fi,h%, i G I, and 



standard relations. Theorem 7.12 together with Proposition 7.13 combine into the 
following 

Theorem 7.16. The operators ei,fi,hi, i £ I, generate an action of sl n on 
@ a i?*(A / (g t ). This action has central charge 2. 

Proof: It is well known that the subalgebra U + C U(sl n ) generated by ej, i E I, 
embeds into the Hall algebra H, e; i— ► S{{i}}< Thus the Serre relations for ej, i € I, 
follow. It only remains to check the Serre relations for the operators /j, i € I. But 
they are given by correspondences transpose to those of ej. □ 
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